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i, If V is the volume of a cube with edge length x and the
cube expands as time passes, find dV/dr in terms of dx/dz.

2, {a) If A is the area of 4 circle with radius rund the circle
expands as fime passes, find ¢A /df in werms of dr/dl.
(b} Suppose otl spills from a ruptured tanker and spreads in
a circalar pattern. If the radius of the vl spill increases
ar a constant rate of 1 m/s, how fast is the area of the

spill tncreasimg when the radius is 30 m?

3, Each side of a sauare is increasing at a rate of 6 em/s. AL
what rate is the wrea of the square increasing when the area
of the square is 16 om™?

4. The iength of a rectangle is increasing at a rate of § cm/s
and s width is increaging at a rate of 3 cmy/s. When the
length is 20 om and the width is 10 ¢m, how fast s the area
of the rectangle inoreasing?

Gy =x" + Zxand dr/di = 5. fnd dy/dr when x = 2,

B IF 3+ v? = 25 and dv/dr = 6, And defds when y = 4.

.2
EA

dx/dr == 72, and dy/dr = 3, find dz/di when
r=5and v =12

8. A particie moves along the curve v = v 7T o Asit
reaches the point (2, 3), the v-coardinate is increasing ata
rate of 4 cm/s. How fast is the x-coordinate of the point.
changing at that instant?

{a) What quantities are given in the problem?

{b) What is the unknown?

{¢) Draw a picture of the shuation for any time /.
id) Write an equation that relates the quantifies.
{e} Finish solving the problem,

9 If 2 snowball melts so that its surface area decreases at a
rate of 1 cm~/min, find the rate at which the diameter
decreases when the diameter 15 10 cm.

HL At noon, ship A is 150 kam west of ship B. Ship A is sailing
east ut 35 ke /b and ship B is sailing north at 25 km/h. How
fast is the distance between the ships changing at 00 p.?

L A plane Aying horizoptaily at an altitude of | mi and a
speed of 300 mi/h passes directly over & raday station. Find
the rate at which the distance from the plane to the stalion is
increasing wher it is 2 mi away from the station.

A street Hght is mounted at the top of a 13-fi-iall pole.
A man 6 1 tall walks away from the pole with a speed of
5 ft/s slong a straight path. How fast is the tip of his
shadow moving when he is 40 ft from the pole?

" . . . i % B a u + u “

13, Two cars start moving from the same point, One travels
south at 50 mi/M and the other traveis west at 25 mi/h. At
what rate i3 the distance between the cars Increasing two
hours laer?

4. A spotlight on the ground shines on & wail 12 m away. Ha
man 2 m tall walks from the spotlight toward the building at
a speed of 1.6 m/s, how fast is the length of his shadow on
the building decreasing when he 1§ 4 m from the building?

15. A man starts walking north at 4 ft/s from a point P. Five
minutes later a woman starts walking south at 3 ft/s from
A point 300 ft due east of P, At what rate are the people
moving apart 15 min after the woman starts waiking?

16, A baseball dismond is a square with side 90 {1, A batler hitg
the hall and runs toward first base with a speed of 24 fi/s.
fa) At what rate is his distance from second base decreasing

when he ts halfway to tirst base?
(h) At what rate is his distance from third hase increasing at
ihe same moment?

17, The altitude of a triangle is increasing at a rate of 1 cmy/in
while the area of the tmangle i3 increasing at & rate of
2 om®/miin. At what rate is the base of the triangle changing
when the altitude ts 10 ¢m and the area is 100 cm™?

8. A boat is pulled into a dock by a rope nttacked to the bow
of the hoat and passing through a pulley on the dock that is
L m higher than the bow of the boat. I the rope 1s pulied in
atasate of 1 m/s, how fast is the boat approaching the dock
when it {s 8 m from the dock?

19, At noon, ship A is 100 km west of ship B. Ship A is satling
south at 35 kni/h and ship B 18 sailing north ac 25 km/h.
How fast is the distance between the ships changing at
4:00 pv?

20. A parncle is moving along the curve y = J. As the par-
ticle passes through the point (4, 2}, its x-coordinate
increases at a rate of 3 cmy/s. How fast is the distance
from the particle (o the origin changing at this instant?

2%, Fwo carts, A and B, are connecied by a rope 39 ft long that
/passes over o pulley P {see the figure on the next page). The
peint @ is on the floor 12 1t directly beneath P and between
the carts. Cart A s being pulled away from @ at a speed of




268 ! CHAPTER & APPUICATIONS OF UIFREREHTIATION

I ft/s. How fast 1s carr B mowving toward 7 at the instan

when catt A 1s 5 {1 from 7

oM E B
L] : Le

PSR — I

2%, Water is leaking oui of an inverted conical tank ai a rate
of 10.00¢ cm’/min at the same time that water is being
pumped nto the tank at a constant rate. The tank has hatghy
& m and the drameter al the wp s 4 m. I the water fevel s
rising at 4 rate of 20 om/min when the neight of the water
is 2 i find the rate an which water is being pumped into the
tank.

[

3. A trough is 10 £ jong and its ends have the shape of sos-
celes triangies that are 3 ft across at the top and have &
peight of |1 If the rough is being filled with water at a
rate of 12 ft%/min, how fast is the water level rising when
the water is 6 mches deep?

24

A swimming pool s 20 1 wide, 40 £1 Jong, 3 ft deep at the
shallow end. and 9 fU deep at its despest point. A cross-

section s shown i the figure. I the pool is being filled at a
rage of 0.8 1t min, how fast is the water level rising when

the depth at the deepest point s 5 717

. Gravel is being dumped from o conveyor beli ar a rate of

30 1/ min, and s coarseness is such that it forms a piic i

the shape of a cone whose base diameter and helght are

always equal. How fasi s the height of the pile moreasing
i

when the pile is 10 U hight

i
|
i
'

26, A kite IO fr abave the ground moves horizontaily ai a
speed of § ft/s. At what rate is the angle berween the string
and the horizontal decreasing when 200 fU of string have

been let out?

ER=]
1

Two sides af a triangle are 4 m and 5 m 1 {ength and the "
angle berween them s increasing at a raie of 0.08 rad/s

Find the rate ai which the area of the trlangle bs moreasing

when the angle between the sides of fixed length s 7072,

a triangie have lengths 12 mand 15 m. The SCN
angle between them 1g wereasing ai a rae of 2% min. How t
fasl is the length of the third side mcreasing when the angie i
berween the sides of fixed length is 6077 o

Two sides of

Boyles Law stales that when a sample of gas 18 compresseg 13
4l g constant emperature, the pressure # and volume Vg t
a constant. Suppose
s volurme 13 606 om’, th
sure 15 [ 50 ks, and the pres Is bicreasi
20 KPa/min. A whar rate s the volume d

sty the equation PV = O where O 13
i

thai ai o certain nstant th :

=

Larale of
COTEASING Af thig

instant?
[ 3

We d

When air expands adiabatically {withoul gaining or losing
heat), its pressure P and volume ¥ are related by the eqgus-
tion PV = O where i3 a constant. Suppose that ai «
cortain insiant the volume is 400 cm” and the pressure is
BO kPa and is decreasing at # raie of 10 kKPa/min. At whal
rate 18 the volume Increasing at this instant?

I rwo resistors with resistances R, and 8+ are conmected i
parallel, as in the figure, then the total resistance R, mea-
sured in ohms (€1}, is given by

IRy and Re are increastng at raes of 0.3 L0745 and 0.2 L/,
respectively. bhow fast i ¥ changing when N, = 80 (2 and

R = 100 (17

]

Bram weight £ as a function of body weight W in fish has
been modeled by the power function B = 0.007W 7, where
B and W are measured in grams. A model for body weight
as a function of body length L (measured in centimeters) 1s
W= 0124777 1 over 10 million vears, the average length
of u certam species of fish evolved from 15 om 1o 20 cm &
a constant rate. how fast was this species” braln growing
when e average length was 18 cm?

A television carpera is positioned 4000 £t from the base of 2
rocket lnunching pad, The angle of clevation of the camera
has (o change at the correct rate in order o keep the rocke:
in stght. Also. the mechanism for focusing the camera has
o lake inte account the increasing distance from the camen
o the riving rocket. Let’s asyume the rocker rises vertically
and its speed is 600 ft/s when it has risen 3000 fi.

(a} How fast is the distance from the welevision camers ©

the rocket changing al that moment?
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(b) If the television camera is always kept aimed at the 3%. Two people start lrom the same point. One walks east al
rocket, how fast is the camera’s angle of elevation 3 mi/h and the other walks northeast at 2 mi/h. How fast
changing at that same moment? is the distance between the people changing afler

15 munutes?
34, 4 lighthouse is located on a small island 3 km away from 2 ) . o

B . . L. P - 37. A rumner sprints around a circular track of radias 100 m at

{he nearest point P on a straight shoreline and its light et o R .
N ‘ L o R a constant spesd of 7 m/s. The runner's friend ie standing

makes four revoluilons per minute. How fast i5 the beam of . . . L . e LT

. . ; . S e 9 at a distance 200 m from the center of the track. How fast s
light moving along the shoreline when it is 1 km from P? . . N . o
the distance berween the friends changing when the distance
f A . . i betwe T e is :L }
15. A plane flyimg with a constant spead of 300 km/h passes between them is Z00 m

over a ground radar station at an altitude of 1 km and 38. The minuie hand on a watch 1s § mm fong and the hour

climbs at an angle of 20°. Ay what rute s the distance from hand is 4 mm long. How fast is the distance between the

the plane (o the radar staton increasing a minuie later? tips of the hands changing at ope o'clock?

42 Maximum and Minhwum Valnes

Some of the most important appiications of differential calcalus mre oprimization
problems, in which we are required to find the optimal (best) way of doing something.
Here are examples of such problems that we will solve in fhig chapter:
o What is the shape of a can that minimizes manufacearing costs?
« What is the maximum acceleration of a space shutte? (This is an importan:
guesiion to the astronauts who have to withstand the effects of acceleration.
- What is the radius of a contracted windpipe that expels air most rapidly during
a cough?

At what angie should blood vessels brasich so as to miniumize the snergy
expended by the heart in pumping blood?

These problems can be reduced to finding the maximum or minimam values of a func-
tion. Let’s first explain exactly what we mean by maximum and mirimur values,

[T} Definition A function / has an absolute maximum (or giobaf maximum; |

- ateif fle) = flx) for all x in D, where D is the domain of f. The number f{c)

is called the maximum valae of f on [3, Simifarly, f has an absolute mini- :
mum at ¢ if f{e) <= f{x) for ail vin D and the number f{c] is called the mini-
mum vaine of f on . The maximum and minimuie values of f are cailed the
extremme values of f.

Figure | shows the graph of a fusction f with absolute maximum at 4 and absolute
mimimum at ¢ Note that (d, £{d)) is the highest point on the graph and {a, f(a}] is the

lowest point.
YA

FIGURE 1

Minmmum value fla,
maximum vaiue f{d)
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We know that sin 26 has a maximum value of | and it occurs when 286 = 7/2. So
A(0) has a maximum value of 7* and it occurs when 8 == /4.

Notice that this trigonometric solution doesn’t involve differentiation. In fact, we
didn’t need to use calculus at ail,

1, Consider the foliowing problem: Find two numbers whose
sum js 23 and whose oroduct s 2 maximan,
ia) Make a table of values, like the following one, so that
the sum of the pumbers in the frst two columns is
always 23, On the basis of the evidence in your wable,
estimmate the answer o the problem.

and nwmber Froduet

-
% Farst RUINF)U]‘

3y

3
3
1

- ! L

by Use calculus to solve the problem and compure with
VOUr answer 1o part {aj.

L Find two nwmbers whose difference i 100 and whose prod-
pet is & minimum,

4. Find two posirive numbers whose product Is 100 and whose
SO IS & minimwm.

4 Find a positive number such thar the sum of the number and
us rectprocal is as small as possible.

5 Find the dimensions of a rectangle with perimeter 100 m
whose area is as large as possible.

& Find the dimensions of a rectangle with ares 1000 m* whose

perimeter is as smail as possible.

/. Censider the following problem: A farmer with 750 ft of
fencing wants o enclose 1 reczangular area and then divide
it into tour pens with fencing paralle] to one side of the
rectmgle. What is the largest possible total area of the four
pens?
2y Draw several dingrams illustrating the situation, some

with shallow, wide pens and some with deep. sarrow
_ pens. Find the total areas of these configurations. Does
st - it appear that there is a maxinuun area? If so, estimate i,
; (h) Draw a diagram lustrating the general situadon. Iniro-
duce notation and label the diagram with your symbols,
{c) Wrire an expression for the total area,
(d Use the given informarion o write an equation that
relates the variables.
Use part {d} to write the o] area as a function of one
variable,
7 Finish solving the problem and compare the answer
with your estimate (o part (ak,

ie

-

%, Consider the following problem: A box with an open top is

L

ret
st

2

0 be consimeted from a square piece of cardboard, 3 ft

wide, by cutiing out & square from each of the fowr comers

and bending up the sides. Find the largest volume that such

4 box can have.

(&) Drow several disgrams to llustrate the situation, some
short boxes with large bases and some 1all boxes with
small bases. Find the volumes of several such hoxes.
Does 1t appear that there is a maximum volume? If so,
estimate if.

{b) Draw & diagram illustrating the general situation. Intro-
duce noration and Iabel the diagram with your symbols.

{1 Write an expression for the volume.

(dy Use the given information o write an cquaton that
relates the varlables.

ie) Use part (d} to write the volume as a function of one
variable.

{f) Finish solving the problem and compare the answer
with your estimate in part (a).

I 1200 cm® of material is available to make a box with a
sguare base and an open fop, find the largest possible
yolume of the box.

A hox with a square base and open top must have a voluie
of 32.000 cm’. Find the dimensions of the box that mind-
mize the amount of maierial used.

(e} Show that of all the rectangles with a given area, the one
with smallest perimeter i a square,

(b} Show that of all the reciangles with a given perimeter,
the one with greatest area is a sguare,

A rectangular storage container with an open op is 1o have
3 volume of 10 . The length of its base is twice the width.
Material for the base costs $10 per square meter. Marerial
for the sides costs $6 per square meter. Find the cost of
matertals for the cheapest such container.

Find the points on the ellipse 4x7 + v~ = 4 that are farthest
away from the point {1, 0).

Find, correct o two decimal places, the coordinates of the
point on the curve y = fan x that 1s closest to the point
{5 1)

Find the dimensions of the rectangle of largest area that can
be inscribed in an equilateral triangle of side L if one side
of the rectangle lies on the base of the triangle.
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Find the dimensions of the rectangle of largest area that has
its bage on the x-axis and its other two vertices above the
x-axis and lying on the parabola v = § — 17

A right cirenlar cylinder is inscribed in a sphere of radivs 7.
Find the largest possible volume of such a evlinder,

Find the area of ihe largest rectangle thar can be inscribed in
the ellipse x¥a® + v3/p" = 1.

A Norman window has the shape of a rectangle surmoumed
by a semicircle. (Thus. the diameter of the semicircie is
equai to the widih of the rectangle, See BExercise 36 on
page 24.) If the perimeter of the window is 30 ft. find the
dimensions of the window so that the greatest possible
amou of light is admitted.

A right cireular eylinder s inscribed in a cone with height &
and base radius r. Find the largest possivle volume of such
a cvlinder,

A piece of wire 10 m long is cut into rwo pieces. One piece
is bent mto a square and the ofher is bent into an equilateral
tmiangle. How shouid the wire be cut 50 that the toral ares
enclosed 18 {a) a maximum? (b) A minimum?

A fence § ft tall rans parallel w0 a tall building at 2 distance
af 4 ft from the building. What is the length of the shortest
ladder that will reach from the ground over the fence to the
wall of the building?

A cone-shaped drinking cup is made from a sircular prece
£ paper of radius £ by cotling out a sector and joining the

{

-edges CA and CB. Find the maximum capacity of such a

cup.

A cone-shaped paper drisking cup is 10 be made to hold
27 cm” of water, Find the height and radius of the cup tha:
will use the smaliest amount of paper,

- A cone with heighi & is ihscribed in 2 larger cone with

height H so that its vertex 15 at the ceiiter of the base of the
larger cone, Show that the inner cone has maximum volume
when h = ; H.

The graph shows the fuel consumption ¢ of 2 car (messured
n gallons per hour} as a function of the speed # of the car.
At very low speeds the engine runs inefficientiy, so initially
¢ decreases as the speed increases, But at high speeds the
fuel consumption increases. You can see that {p} is min-
mized for this car when v = 30 mi/h. However, for fue!

B
=k

28

efiiciency. what must be minimized is not the consumprion
in galtons per hour but rather the fuel consumption in
gaitons per mile. Let’s call this consumpiion 6. Lising the
graph, estimate the speed ar which & has its minimum
valug,

e

oo s e

If & resistor of R ohms is connected across & batiery of
£ volis with internal resistance r ohms. then the power
{in walis) in the external resisior is

Ei . kit

!l) e
B+ ri

W E and rare fixed but K varies, what is the maximum
value of the power?

For a fish swimming at a speed o relative 1o the water, the -
energy expenditure per unit tme 15 proportonal 1o 1%, 1 s
believed that migrating fish uy (o minimize the wial energy”
reguired to swim a fixed diszance. If the fish are swimmnung
against a current i (1 < p}, then the dme required 10 swin a
distance L is L/{y — u) and the wial eneray £ required

swim the distance is given by
37

Elp) = qu

where «¢ is the proportionality constant.

{a) Determine the value of v that minimizes £,

() Skereh the graph of E.

Nore: This result has been verified experimentally;
migrating fish swim against & current af a speed 50%
greater than the current speed.

In & beehive, each cell is 2 regular hexagonal prism, open
at one end with a tfibedral angle af the other end as in the
frgure. it is believed that bees form theiv cells in such a way
as to minimize the surface area for a given volume, thus
using the jeast amount of war in cell constructon. Bxami-
nation of these cells has shown thar the measure of the apes
angle 6 15 amazingly consiswent. Based on the geometry of
the cell, it can be shown that the surface area § is given by

Jese &

-

ssicot @+ (350

5= 0sh —

where 5, the length of the sides of the hexagon, and b, the & - 7,
heighe, are constants.
{ay Calculaie d5/dw,
{b} What angle should the bees prefer?
{c) Determine the minimum surface area of the cell ¢in !
terms of ¢ and A). :
: :
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Npte: Actnal measurements of the angle ¢ in beehives have
peen made, and the measures of these angles seldom differ
fom the caleulated value by more than 2°.
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20, A boat leaves a dock at 2:00 ¢, and travels due south at a

speed of 20 kim/h. Another boat has been heading due east
at 15 km/h and reaches the same dock ar 3:00 Py, At what
time were the fwo boats closest together?

21 The Hlaminaton of an object by a Jight source is directly

oroportional to the sirengsh of the source and inversely
proportional 1o the square of the distance from the source.
£ two iight sources, une three limes as strong as the other,
are placed 10 1t apast, where should an obiect be placed
on the line berween the scurces so as o recetve the least
Hlumination?

A woman at a point A on the shore of a circniar lake with
raciug 2 mi wants 1o arrive at the point C diametricaily
apposite 4 on the other side of the lake in the shortest pos-
sible time. She can walk at the rate of 4 mi/h and row a
bout 4t 2 mi/k. How shouid she procesd?

Find an equation of the line through the point (3, 3) that
cuts off the least avea from the first quadrant

At which points on the curve ¥ = | + 40x® — 347 does the
tangent line have the targest siope?

Let a and b be positive numbers. Find the length of the
shortest line segment that is cut off by the first quadrant and
passes through the point {a, b,

The frame for a kite ig 10 be made from six nieces of wood.
The four exterior pieces have been cut with the lengths

¥

39, The upper right-hand corner of a piece of paper. 12 ip. by
[ g p !
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indicated in the figure. To maximize the area of the kite,
how long should the diagenal pieces be?

37, Let oy be the velocity of light in air and p; the velocity of

light in water, According to Fermar’s Principle. a ray of
light will travel from a point A in the air 1 a point 8 in the
water by a path ACE that minimizes the tme taken. Show
that

sindh vy

sinty g
where #, (the angie of incidence) and 8, {the angle of
rerraction) are as shown. This equation is known as Sneil’s
Law.

Two vertical poles PQ and ST are secured by a rope PRS
going ftom the top of the first pole 1o a pont & on the
ground between the poles and then to the top of the second
pote as in the figure. Show that the shortest length of such a
rope occurs when 4 = .

R

8 i, as in the figure, is foided over to the bottom edge. How
would vou fold it so as 1o minimize the length of the fold?
in other words, how would you choose x to minimize ¥7

H
|

fur
¥
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A8, A steel pipe is being carried down a hallway 9 f wide,
A the end of the hall there is a right-angled turn into & nar-
rower hallway 6 1 wide, Wiat is the iength of the fongest
pipe that can be carried horizoataily around the
corner?

i
i
&
{
e
[N

=

b Find the maximum area of & rectangle that can be cireum.
seribed about ¢ given rectangle with length L oand width W

42. Arain gutier is to be constructed from a metal sheet of
width 3G cm by bending up ane-third of the sheet on each
side trough an angle 8. How should # be chosen sa thai the
guiter will carry the maximom amount of water?

#r,

P e

Hicm b 1 om == 10 cm

43 Where should the point £ be chosen on the line segment AR
S0 ds [0 maximize the angle §9

a3

[D—

[

#4. A painting in an axt galiery has height b and is hung so that
its lower edge is & distance o above the eve of an observer
'

o
{as in the fipure). How far from the wall should the observer

stand o get the best view? (In other words. whers should
the ohserver stand 50 as (0 maximize the angle § subtendeg
at his sye by the painting?)

sl

45, Grnithotogists have determined that some speces of birds
tend 10 avold flights over lurge bodies of warer during day-
light houra, 1t s befieved that more energy is regaired i fly
over waier than land bocause aiv generally rises pver fand

A ird with these

and falls over water during the day
tegde

e iy refeased from an isiand that is 3 km from the

nearest point B on a swaight shoreline, flies w a point < op
the shoreline. and then flies alony the shoreline to 13 nes:
ing area 7. Assume that the bird instinceively chooses
path that will minmmize 18 ener
Iy ave 13 ko apart.
{ay In general, i it takes 1.4 umes as much energy o Hy .
over water as land, to what point C should the bird fiy in
order w minimize the wial energy expended in rewrning
0 fEs nesting are
(b} Let Woand L denote the energy (in joules) per kilomerer
flown over water and land, respectively, What would &

i

s expenditure. Poiats B and

large value of the ratio W/L mean iroerms of the bivd's
Tight? What would & smali value mean? Determine the
ratio W/ L corresponding 1o the minimam expenditure of
BREIEY. _

What should the value of W/L be tn order for the bird 1o
iy direetly o tts nestimg area 1% What should the value
of WYL be for the bind to fiv 1o B and then along fhe
shore to 137

(d; If the omithologists observe that birds of a certain

b

species reach the shore a2 poinl 4 Jan from £, how
many tmes more energy does it take 4 bird o fiy over
water than land?

46. "The biood vascular svstem consists of blood vessels {arter-
ies, arterioles. vapillaries. and veins) that convey blood from
the heart 1o the organs and back to the heart. This system




1o : should work so as to minimize the energy expended by the
lac heart m pumping the blood. In particular, this energy is

reduced when the resistance of the blood is lowered. One of
Poisenille’s Laws gives the resistance R of the blood as

where L is the tength of the bicod vessel. r is the radius.
and. 15 2 positive constant determined by the viscoslty of
the biood. (Foiseuille established this law experimentally,

5 bur it also follows from Byuation 6.6.2.) The figure shows a
i mai blood vessel with radius # branching at an angie §
Ay : into a smaller vesse! with radius r.

e H
n i
vascular
nd branching
R 13
in [
ng i ‘ ‘
! s i !
T
! (z}) Use Poisenille’s Law 1o show thar the total resistance of
: the blood along the path ABC 1y
oF I3 ) \
Ja— bl besed
7= . + o
o \ i rs
where o and & are the distances shown in the figure.
{by Prove that this resistance is minimized when
cos =
{¢} Find the oprimal branching angle {correct to the nearest
degree) when the radius of the smaller blood vessel is
two-thirds the radius of the larger vessel,
1
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The speeds of sound ¢ in an apper layer and ¢, in a lower
tayer of rock and the thickness A of the apper layer can be
determined by seismic exploration if the speed of sound in
ihe lower laver is greater than the speed in the upper laver.
A dynarpite charge s detonated at a point P and the frans-
mitted signals are recorded v 2 point 3, which is 2 distance
D from 2. The first signal w arrive at @ wavels along the
surface and takes T\ seconds. The next signal travels from
£to o pomt R, from R to 5 in the lower layer, and then to
&2, king 7h scconds. The third signal is reflected off the
lower layer at the mudpoint 0 of RS and takes Ts seconds
i reach
(a) Bxpress 7, To, and 74 in terms of D,/ ¢y, ¢, and 4.
(b} Show that 7% is a miaimum when sin § = 2,/es.
(e) Supposethat D = 1 km, Ty = 0.26 5, 7» = (032 5,

Ty = 0345 Find ¢4, o, and A
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Speed of sound = ¢,

Nowe: Geophysicists use this echnique when studying the
structure of Barth's crust, whether searching for oil or
examining falt lines.

Two ight soarces of identcal strength are placed 10 m
apart. An obrect is to be placed at a poigt £ on & Yne ¢ par-
allel to the line joining the light sources and ar a distance d
meters from it (see the figure}. We want to locate P on £ s0
that the intensity of iluminadon s mmimized. We need o
use the fact that the intensity of iilamination for a single
source ts directly proportiopal to the sirength of the source
and inversely proportional o the square of the distance from
the source.

{a} Find an expression for the intensity J{x} at the point P.

{b) If @ = 5 m. use graphs of /{x) and ['(x) 10 show that the
intensity is minimized when & = 3 m, that is, when £ 18
at the midpoint of £.

{c} Hd = 10 m, show that the intensity (perhaps surpris-
ingly) Is 2ot mintmized at the midpoint.

(d) Somewhere between « = 5 m oand ¢ = 10 m there s a
wansitional vaive of o at which the point of minsimal
iHumination abruptiy changes. Bstimate this vajue of o
by graphical methods. Then find the exact vaive of d.
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