1)

X /. )
dx = -4 1-x* & constant

"_"ll—xg

Passsilsle intermedinte seps

-
[
v oy l-x®

Fiar the integrand -

i P R
Phe integral of — 82V a0
57 as

t

Substitube back for g=1 -3

= -y 1 —x° 4 constant

bttt v = -y and du = - 2 ade

valeilem e exlnbes,
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The integral of 1 i5 =
3
X log(x) - — + cons

far

t
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Problem 4

[
x3 4+ 4x o

Begin by transforming the main integral using partial fractions

1 X
f G i r o™

Split the integral up into two smaller integrals

Ijld 1J' X J
2] 2% T4 g

For the second integral, make the substitution u ="+ 4and du = 2xdx

1 1d 1f1d
4fxx 8 uu

The integral ofﬁ is In(x), and the integral ofi» is In{u)

In(x) B In{u)

n 8-}-6

Substitute x* + 4 back in for u

In(x) In(x? + 4) N

4 8 ¢
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Pl ble intermoedinte sy

i

RS
xlogixd

, 5 " L .
Fiae thys trbsgrangd - ~, subaritote o == et and ey w4 fer 9
Rha
T
&

Fer the ivhegrard o, wiabetitote £ oo 8 0 T gpet s me e

=2 [ as

=l

Froar thee intwigra ;- dha long olivd storn:

%

&.Ef(- R 4—1)(375
2513 Zi{s~11
Tertesgrntes the soen berrn by bern sned Faotor o O AT

w2 [lds+ [~Logs— (-1 g4

Suw} 541

Feer the fmbegramsd e subietitoe oo 5 4 1 oand o e de

ﬁ_fifgpmjufwj;‘—} ds

8 . . 1, ,
The ivdsegral of = iy logdp)
b

=-log(P+2 [1ds+ [ as

= 3 awed sl = gl

B

Fosr thms treberr g ] . silratibihe e

E

= —log(p)+2 [1ds +f£ dw

1 o
- fo dovw(ed

= ~dag(p) + 2 {1ds + logiw?

Tl inbmgral of

The inbegral of 1 is s

= —loglp) + 2 5 + logiw) + constart
Bubmtituts bacl for w oo - 3

= ~log{p) + 25 + logls — 1) + comstant
Hubefitune baek far poos s D

= 25 4 log(s ~ 1) — log(s + 13 + con:

Fubshitute back for s == w4+ 1 .

=2Vu+1 +logVu+l — 1} - Eag{# u+ 1 + 1)+ constant

Sulstivute bk for o = logixy

sirrstard

Ao altarnsiive form of the integral is
= 2 (\f loglx) + 1 + tanh-—?--{..i [logixy+ 1 )} A e
Wehioh x squiealent For vestric e © valoss o
e log(wﬁ {3,’ Iog(xy+ 1 — 1)} -
]ug{z (g,i ‘img{x} + 1 + 1}} + 2 loglx) + 1 & constar:

MOV ol & 1P
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Page 368, Problem Number Eight

x3
x*-1

dx

Integrate: f

Use the simple substitution of u =x* - 1. We find that du=4x>dx and substitute in the appropriate
values to get:

1d

& du

4 u

. din(x) 1 : . :
Using the fact that Tx = ~ wecean integrate this equation to get:
In(u

@, c

4

By substituting x* - 1 for u we get the final answer:

In(x*- 1)
——sC
4



73 [onztamade = J eare £ it Z
gy
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10.)

cos(xy IRV
| ——— dx =tan” '(anlx)) + constant
+ 14 smn%ix)

Pussille intermedinte seps:

Fo he integrand —=-—-

= [+ du

S|

. 1
The interral of —— 1
;,“»H

= tan™(u) + constant

Substitute back for o = dnlx)

=ty (sin{)) - constan

sithstitute o= sind aned e = ool i

L !l’\i{v‘»{"‘\"s s b odess
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sible inbermiedinte shepe
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=53 f xdx— i _ _f x eosl2 x) dx

b

; bobswrvabe by parts, | Fag = Fg - Lgd fowheare

e the imteerand #0290, substitobe

S

1.
=
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Problem 13

62x p
f}mi«ex_x

Start by making the substitution u = e*and du = e* dx

[ [T
TS Rl P

Modify the integral via long division

1 ! d
_[( ~1+u) u

Split the main integral into two smaller ones

1
flduwf du
I+u
1
fldumfmdw
w

The integral of 1 is u, and the integral of—j; is In{w)

Substitute w= 1+ u and dw = du

u—In(wi+ C
Substitute 1 + u back in for w, and e*backin foru .

e*—Infe*+1)+ C



Passible intermeadiate steps

log{l+x)
[=252 ax

<

, integrate by parts, | fdeg = fe~ [gdF where

it g i

For the integrand

F=loglx+ 1), dg= 5 G

| S )

Al ¥

XC4x X

For the integrand —s— | complete the square:

B

_ 1 o — logixs1)
(m- )2—% ax X

2o L . § - } ( T
For the integrand sy, substitute 0 = X+ - and du = dx:
(217 ;
% 5

3 F
g she

— f ‘;1. : du— logi{x+1)
TR X
4.

The integral of R ~Ztanh™ ! i2uy

BT "4

= —-2tanh™ (2 u) - b+l | constant
X

b3

i

i
it

Substitate back for = x4+ -

. _ logix+1}+2xtanh™ 1 (Zx+1)

X

ooonstant

Which is equivalent for restricted ¥ values o

= log(x) — ~log(x + 1) + constant

log(x+13
R

rasllra dal fha
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Page 368, Problem Number Seventeen.

~1
Integrate: | fan” (V%) dx

Vx

We begin by making our u substitution. In this case it is easiest to say that u = vx. After a few
calculations you will find that du = ﬁ dx. You thus have to multiply your integral by 2+/x to

eliminate the fraction created when you substitute du for dx. You should get:
2 [tan" ' udu

Using the fact that the integral of tan™* u = utan™tu — :21-111(1 + u*) + C you should be able to

casily integrate this to get:
-1 i 2
2(utan u—EIn(1+u )+ 0)

By multiplying the two into the equation and replacing u with vx you should get the final answer
of:

2Vxtan ' WVx—In(1+x)+C



# 14 (}ﬁggﬁ%ﬁf&g = f@% banty ) secx oA

| Co5E g g o Py =

( + tantx = sestx

‘%ff{' U = oguw
A= ﬁfﬁﬁmﬂxﬁ;& '

e e /(/#%ﬁ)&{% o / '
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19)

Fix+5
e = 3 (k- 2+ 1 loglx - 2)-

X2

Posstble inrermedinte steps
k2w .
—2+x

Fesr the integrand - , i donig elied sioa

-F +3)ﬁi

Tk tes the gonm ferm. by berm and tacbor oud constants

2jﬂ@x+1lfﬁ:§x

Fer the integramd —- | subsbitube oo v 2 and o s g

e

=11 [-du+ [3dx

o , . - b, o
The intszral of -~ iglogial

= 11 log{u}) + f dx
This frtesgral of B s 3
= 11 log(a) + 3 x + constant
Subratitube bacl for we v 3
= x4+ 11 loglx — 2% + constant
Which is squivalent for restricbsd o ovaloes

=3(x—2)+ 11loglx — 2¥ + constant
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Problem 22

1
f e?* + 5e% dx

Begin by making the substitution u = e*and du = e*dx

—---——-—1 d
fuz(u +5) ¢

Transform the main integral using partial fractions

Y

5uZ " Z5(u+5)  25u) "

Split the main integral up into three smaller integrals
1f1d+1f1d 1f1d
5w o) urstt T 25 ) g™

Make the substitutionw =u+5and dw=du
lfld‘l'lfld 1f1d
5/ w2 s ) W T asf u ™

. i, 1 . 1, . 1,
The integral ofﬁ is—=, the integral of; is In{w}, and the integral of; is In(u)

1 +ln(w) In{u)
54 25 25

Substitute u + 5 back in forw and " for u

1 +ln(e"+5) In{e™)

5ox 75 5 T ¢




Fossible intermediate steps:
—x3 :
fe™ x*dx

o
%
----- i

For the integrand e »7, substitute i =y

D ;.
mgfc: udu

ard

o

i

.

&

5

A

b

PR e SRR
ey &

i

For the integrand ¢ o, integrate by parts, f Fdg=fg—|g o f,owhere

f=u, de=c"dy,

df =du, gm=o-gm
1 -ty e !

_— g f(i’ du—

3

i

The integral of €™ (g —¢

~fi
£
P — S b constant

.

H

= e g

i

Subetitute back for u = x

.3
3 . .y
e P
> - 3 + oorstant

Which is equal to

1 x? \ )
- e f-—-x3 e 1) + constant
4 «
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Page 368, Problem Number Twenty-Six

Integrate: [ x Vx +5dx

By using the substitution, u = x -+ 5 you will find that du = dx and after substituting in your u
value you should get:

f(u—5)Vudu
_ . s
Convert 3/ into U3 and multiply the terms out to get:
4 1
[ (uz — 5u3)du
At this point you integrate the equation and should get:

7 4
3us 15us3

7 4

+C

You then replace u with x+5 to get the final answer of: _
. . 'N * )
7 4
3(x+5)3  15(x+5)3
7 4

+C
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I 2, , 312
f P-4 dx= 5 [’ —4} 4 constant

Prssilile intermediate steps

[}3_—4+xgix

e

Far the inbegrand £ Y 1" -4 aubstitue o = 17 =4 and du = 3

:§f¢gdﬁ

iy T I
Ihe inbegral of ¥u iz =
X

_ 2o
9

b enpEtant

Substitate back for w=x" -4,

= {:f - 4}32 F constart

b

[ lnle/... sanlel
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Pozgble infermediate steps

rxlmgirj o
o 5 ~la?
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Problem 31

f x? sin(x®) dx
Begin by substituting u = x° and du = 3x*dx
e
~1s
3 Hlu U
The integral of sinf{u) is — cos{u)
cos{u)
3
Substitute x*back in for u
cos(x®
_cos{x?) p




Possible intermediate steps:

f xsec(x) tan(x) dx

For the integrand x ssc(xitanix), integrate by parts, (fdg=7Ffg~ rg d f, whers
Fe=w  de = sseivitan{xidy,

af=dx, g sy

= x sec(x) — [sec(x) dx

The integral of ssclx) islo gisci )+ tanl )b

= x sec(x) — log(tan(x) + sec{x)) + conztant

Which is squivalent for restricted » values o

)) + constant

]

= x sec(x) + log{cos(Z) - sin{~ )} — log(sin{¥) + cos

3

[ 5 B B0
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(ol Sram ol Pl
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Page 368, Problem Number Thirty-Five

Integrate: f dx

x—1)°

This problem can be solved without a u-substitution by just partially decomposing the fraction
inside of the integral. You should end up with:

x? _ A B C (A)x%+(B~2A)x+(A~B+C)
f (x~1)* X = f (x—1)  (x+1)? + (x+1)3 f (x~1)° dx

You then use the term on the far left (x% + 0x + 0) to find out what A, B, and C are. You should
get this series of equations and solutions:

Ax?=x% A =1
(B—24)=0:B =2
A—B+C=0:C=1

You then insert your A, B, and C values into the integral and integrate it. It is a bit simpler to do
if you break the integral into three pieces as I have done below:

1
J oAt f 1)2 dx + f 1)3 dx

By integrating these equations you should end up with the final answer of:

2 1
In(x+1) - iy +c
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37)

. & 4.
. i sec {xy  sec’(x}
rt'ana{x} gect {(xy o = - + corstant

N, 8 4

Foasible intermsdinte seps
f sect (1 tan” () dx
For the ke s 0o tan® Loy, e the trissnometric identity sec () == pan” (e o+ 1o

= [tan’(x) (tan®(x) + 1} sec’(x) dx

s B4 e
s e et iy
L aubatbbube = andx) and g e see

= fug {1 + 1) du

For the integrand e

. B 3 1 R
For the infegrand o [0 ¢ 11, da long dividon:

= [lo* + 1) du

vttt sung weron B beeon:

= fus du+ ftzg du

The tntegral of o7 is 1’:;-:
) 4

= [ du+ ‘—‘1;

RN
The integral of o s
[k}

s

4
=g T corstant
6 4
Subskitube back for o = fandxh
LT -
— mnoixy + tan ' (x} 1 eprstant
& 4
Factor the ansessr o diffevent way:

= é— tan® (o) (2 tan? (0 + 8} + constant

Which T equivelent for restricosd o vphess b

- s By _ e
6 4
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Pross ble intermesli gt steps

p oy gl
[(—e™ +&*)y dx

Fxpanding the integrand (—¢e " + %1 gives -2 474"

= f (e * + e** - 2)dx

Interrate the sum term by term

= f -2dx+ _JME“E “dx+ 3

g e X

i

> 2w %&x

2 2

The intzgral of - -

E—-E;& @2:@@;

= —-J2x - w_
2 2
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Problem 40
jx3e"2xdx
Begin by integrating by parts, with f=°, df =3x*dx, dg = e dx, and g = — %e‘zx |
1 37
wie'zxaﬁ + Ef e X x%dx

Integrate by parts again, with f = x, df =2xdx, dg = é"z" dx,and g= __“;_e—Zx

1 3 : 3
—é—e“zxxg - Ze‘zxxz -i——z—f e ¥ xdx

Integrate by parts a third time, with f=x, df =dx, dg = e ™dx, and g = w-v«zl««e‘zx
3 3 3
—— =X A3 T am2xa2 T 2% - -2 X
e “*x 4(:" x 4.9 X+ 4J e"*dx

) - 1
The integral of e ™= —3e 2x
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Page 368, Problem Number Forty-Four

x3

16+x8

dx

Integrate: f

To put this problem into a form that you can integrate easily, factor out -1-1-5 from the equation to

get:
1 x
?6— T a dx
i -é-ﬁx

Note that this is in the form of 1—-5;;; which is the derivative of tan~" x, so you should integrate

this and get:

A 11 4
tanT (Cx )+C
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l4+x

Posssl ble infermediate geps,
£ =l
LT (x
—_— iy
1+

T ] i

o b e g Lt T e e Lon
Far the integraned ——— substifute o= tan” () and i = 5,

= [¢" du

K 5=

The integral of ¢ ize”;

= g" | roretant

Substitut back for @ = tan™! (¥}

1 w
=™ W constant
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47,

Posgible intermsdinte steps:
f e® x cos(3x)dx

Faroyr out constanty

= g f:t: s 3 x) o x

al
il

3a), integrate by parts, | fdg = fg- i g f where

i

S € xsin(3x) - [sin(3 x) dx

IR TN "
m R g elw = Bl

For the inteerand Sinil v, substhute v
= - g x sin(3 x) - — f sinfe) du
The integral of snlel iz —eos{u)

== %eﬁ cos(i) + ;E X sI{ 3 x) 4 corstant

Guthistitute back e o= 38

1 5 ey 1 & e
= 3 e x sindd x) + 5 e” cos( 3 x) + constant

Whiel Tg squal o

= g° (; a3 x) + é oS3 x}} 4o st
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Problem 49
J e
Xt —2x2_3*
Begin by making the substitution u = x* and du =2xdx
1f 1 4
2w —2u—3™"
Next complete the square to further simplify the integral

1f 1
2] -1z -4

Make the substitution w = u~1 and dw = du

1J' oy
2 we g

1 . arctanh (%)
IS
2-4 2

The integral of
. W

w
%* arctar;h(z) ie

Substitute u — 1 back in for w, and x*for u

2 .
arctanh (x > 1)
4

+C



Possible intermediate steps:

SR
f@” *odx

«?:

- : ¢ e g = e sl du
For the integrand €77 | substitute ¢ = ¢ and du:

= f e du

The integral of € is ¢

vy

= " | constant

Subsstitute back for o = e

P

= ¢ + constant

p—

B o

P
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Page 368, Problem Number Fifty-Three

Integrate: fmm‘,tﬁm
R TN
Factor the denominator. Substitute u=vx -+ 1 into the resulting equation. du = Eui““m dx, so you
should get:
f udu
(u+3)(u+2)

You should decompose this fraction to get the following integral, and answers to your
decomposition equations:

f A B
(u+3)  (u+2)

{A+B:1
2443B=0

Solve to get:

A=1-B
20— B)+3B=0:B=~2
A=3
: . din(x) 1 .
Insert your A and B values in the appropriate place and use the fact that s = z to integrate

this equation and get your final answer. I will show the portion from where you plug in A and B
to where you get the final answer:

3 -2 _ B _
2] ) @ du=2@In(u+3)—2In(u+2))=

6In(vx+1+3)-4ln(Vx+1+2)+C
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L7

Przsible intermediate seps
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V3

4 cnristant

The integral of —=— i3
-' 30 41 E
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V2

D

g
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56. '

Possible intenmeslinte stepa

Hxpanding the integrand ——

3 } o x

o2 1

1 ey a be thes i e b W ST e e

—3f 2 a

e . ; - g
Fesy the integraned —— | subet "?:m‘im g omm o T oarwd b == 2 il
Msz‘”“ oo 1

X

z:f L x

lgﬁ?a+3f

ik

T n"z&wg al of e 1w tan” )

= logiu) + 3tan™ Yaxy + oo

cubsnitute baek for wos e 1

= lﬁgf y 13 +3tan”
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Problem 58
f sin(In{x))dx
Begin by making the substitution u = In{x} du = j—cdx, so e’ =xande'du=dx
j sin(w)e%“du
Integrate by parts, with f = sin{u), df =cos{u}du, dg = e"du, and g = e"
sin(u) % — f cos{u)e*du
Integrate by parts again, with f = cos{u), df =—sin{u)du, dg = e"duy, and g = "
sin{u) e®* — (cos(u) e™ — j sin(u)e“du)

Because our original integral was [ sin(w) e¥du, we cannot simplify by repeated integration by parts

sin(u) e* — (cos(u) e¥ — f sin(wedu) = fsin(u)e“du
instead we will manipulate the equation by basic algebra to get the answer
sin{u) e* — cos(u)e% = 2 f sin(wye*du

sin(u) e* — cos(u)e®
2

= fsin(u)eudu

Substitute In(x) back in for u, using €” = x

x sin(ln (x)) — x cos(in (x))
5 + C



Pogsible intermediate seps:

[tan 6(x) dx

Use the redlucton formaula, f?u.m ) eb e
-1
i ”I‘H 3] .
= ""“’”;[”“ f*m noe Hatd iy, where m = &
ice R

= ..’.?...’1_.&‘_3 ft'm"*(x) dx

Plaps the 1m§mmm forrl g (‘t‘&ﬂ fxyedx

z (
tan ' -
mr st o rfj o] L ‘}? s g{"! warbymre 1 o 4o

Frg e ]

5. 3 .- .
— mnvix)  tan”(x) -i—ftﬁ'ilz(ﬁf) dx
5 3

The integral of tan®x) g tan{x) — 2

mn®(y)  ten’)

=X+ S +tan(x) + corstant
Which is equal fo
S 23 tan(x)

15

TR z tan(x) sect(x) ~ T tan{x) sec” (x) 4 corstant

(ol fra afp¥ia
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Page 368, Problem Number Sixty-Two

Integrate: | Jij%:
—aX

To solve this integral simply plug in % sinu for x. You should note that dx% cosu du. We now

substitute in our u value and ensure equality when we switch du and dx and get:

1 cosudu

2 /1——4(% sinu)?

1. . . . 1 . .
When the Sin the denominator is squared it becomes Sto cancel out the four in the denominator.

We then end up with:

1J- cosudu
2 1-sin?u

By using the Pythagorean Identity sin®u + cos? u = 1 you get:

1 ~cosudu .
J

Jcos?y

v cos *u = cos u. Using this fact we notice that the cosu in the numerator cancels-out the one
in the denominator. We now have:

1
[ =du
2
We integrate this equation to get:
1
~u+C
2

Remember that we originally substituted >sinu for x. To put u in terms of x we simply use

—;-sin u = x to solve for x and get sin™? 2x. We substitute this for u in our integral to get our final

answer of*

~sin™(2x) + C
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4 _fx+2 |
dx = tan E 4 } 4 constant

J ot +4x+ 20

Pogsible intermediate stepae
f m...jj._.......ﬁ. gx

244 x4 x
Pty out corstants

"4fx2+4x+20 dx

e : ] L
For the integrand g corriplete the sgquars:
B et g 20 i

. ,,
= & e @ X
4 f fx+2)2 + 16

For the infegrand —

1 :
=4 [ —— du
-'ruEJ»-lﬁ

L sabsstitodes o = v 2 oaned du o g

. Ve 1 .1 wFEE Y
The integral of —p—— {2 = tan :
i 1 e 1 = :

= ta 1'1"'1[‘ E] +ooanstant

Svbatitogs boack for g b 2
~1f 42} o
= tan™" (%-—») + constant

v tal B nnm b oden
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Problem 67
f sin?(5x) cos?(5x) dx
Begin by making the substitution u = 5x and du = 5dx

% j sin?(u) cos?(w) du

Rewrite cos*(u} as 1 —sin *(u) and multiply out the sin®{u)

% f sin®(u) — sin*(u) du

1-ces (2u)

Rewrite sin*{u) as and split the main integral up into three smaller ones

1f1—cos(Zu) 171 1 1r .
5[ > sin*(u) du—szdu—ﬁ)-fcos(Zu) du—gfsm (u)du

For the second integral, make the substitution w = 2u so dw = 2du

1
5f dumw—- cos{w) dw—gfsin‘%(u)du

Csin™*(u) cos(uw)

The reduction formula for [ sin™(w) du = — + f—;:if sin~2*?(y)du, with n = 4 in this case

n

1j’1d 1 ()d+1 3¢ i 3-}’.2){1
T | du—55 | costw)dw zgsm u)cos(u)u—i—a sin“{u)du

1-cos (2u)

5 and split the integral up into two smaller ones

Rewrite sin{u) as

1 3
Iy | -
20[ cos(w) dw + S5Sin (wWcos {w)du + o f cos(2u)du

In the third integral, substitute w = 2u and dw = 2du

1 3
— cin3 e
20,[ —du cos(w) dw + >0 sin®(u)cos (w)du + 80,[ cos(w)dw

The integral of is - and the integral of cos{w) is sin{w)

u sin(w) 3sin(w) sin®(u)cos (u)

40 20 80 20 +C

Substitute back 2u for w, 5x for u, and then simplify

5x sin{10x) 3sin(10 3(5 5 in{(10 in(5 5
5x ( )+ in(10x) sm(x)cos( x)+Cwic__sm( x)+sm(x)cos(x)+c
40 20 80 20 8 80 20



Possible intermeddiate steps:
1 '
~B+5 x+x=
1
e ecamiplete the squares:

For the integrand —s—
) A% bR e

_ 1 ,
(x+ ‘)%%’2 dx

haiin

For the integrand —s5—35. -
A L

g i J‘ Bl
The integral of ] fg - i””&ﬁi”ii”% EMM i

= m—f; tanh™ ( )% constant

"’I::

3 L

Subistitube hack for o= x +

2 x

= —2tanh™ (f‘—— +
7 b

5%y . e
-) 4 corstant
. 7 7

which is equivalent for restricted © valuss o

- % 'lcg(',l —Xx) - *3; log(x + 6) + constart

g : ,-
subsgtitute ¥ = x4+ = and du = dx;

o\ a0V,



o) ggw\;@ Lo "

W=l e
- ‘

dw = v Ay
.




;;?jy . fiX: _ gswmquaf‘Azﬁx

duw=e Xd«-w
- > — &

:S f/t:(uz-—-i) d

o " I '

= S (T ‘”53;,@ *Rcwl)%i“

B
E5Mast~wlc Gmtad amd oisyalio»\g
_Le\,a Sug*‘i"‘ "LS_LJM
ggwbsfm,@_ po sl emd dpe ‘“‘3

-4 (L dy il fbds - (L

L1

i

o du

s

- Joaqlp) | g (d_ q.
ﬂ%&w.4_élss ds Saﬁé
- oo )

i Piﬁi?+i\ka

2 -
E%Wbs%‘ﬁuk W= (g e Szee~( g
L +'L [o9) (wd) -
Su%khk e h

= e Tpl Tofj;Ca* -1) - ‘L leey Le ¥ 5] ) 3¢

{3

OJC%F)*Q

we e 4w



Page 368, Problem Number Seventy-Gne
Integrate: [ csc®(2x) cot®(2x) dx

The best way to begin this problem is by setting u = csc 2x. You should find that
du = —2 ¢sc 2x cot 2x dx. Do not plug in du just yet. Rearrange your equation so that you get it
in this form:

[ esc?(2x) cot?(2x) - (csc(2x) cot(2x) dx)

Use the form of the Pythagorean Identity that relates cot and csc to put your equation in the form
of:

[ esc?(2x)(csc?(2x) — 1) - (csc(2x) cot(2x) dx)
= [ [esc’(2x) — csc?(2x)] - (csc(2x) cot(2x) dx)

You should now substitute u into the equation, and ensure equality by eliminating the term that is

being multiplied by dx and by multiplying the integral by — %
ot —u?y-
~J* —u?) - du

Integrate this equation to get:

Put u in terms of x to get the final answer of:

cse’2x  esc®2x
- +C
6 10
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flng(ﬁ X+ xE} dx=-2x+xloglx (x+ 20+ 2loglx + 2) + constant

Log is the natural logarithm
Frgmible inbermecha e sheps
{logj2x + x*) dx

“y

%m ﬁl*—‘ m’r.-‘m »mz,_i I n-fl <ok 2, tntmgrabe by parts, | fdy = e [gdf whers

= x log{x® +2x] - fz‘:’m

Faeen cnrt corstants
= x log{x* + 2 x} - 2_[““"1 dx

ho
For the integrand s D! el Jomg dlivisioos
Ehe

= xlog(x® +2x) -2 [{ 1——}{1‘:{“

Inbegrate the s Szenn by ferm and factor out constanis:

==xic:g{_i:2+Ex)~—2_‘f‘1@5x+2fﬁg &x

B the fntegrand ——  substitote o = o+ 2 and du = g
Eb

——2f1 f&‘u+xlﬂgfx +21 EIIdx

g 1o b R
The inteeral of - isloglah
43

= 2 log(u} + x'lug[jxﬁ + 2 x} - fl dx

The frtegral of 1 is

= 2 loglu) + x lmg[xg +2 x) — T4 constant

Substitute buck for g 24 2

sl Pt i ant nbhem
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/ “ossible intermediate steps,

For the = 4y and du = ddx

(u)) + constant

h

Which is equivalent for restricted ¥ valoes to)

log(2 cos(2 x)) + constant

83.






Problem 76

ex
f%ebc 3 dx

Make the substitutionu = e¢* and du = e*dx

[
uz-—lx

is arctanh, which is used to solve the integral

1
1-u?

The anti-derivative of

~— arctanh(u) + C
Substituting e*back inforu

—arctanh(e®) + C



Possible intermediate steps;

[log{1+x?)dx

N

For the integrand logfx + 1 3 irtegrate by parts, f fdg=fe~ [gdf where

. g E ; ]
F=logle” v 1], dg = dx,

Faetny out conistants

= xlog(x* +1)-2 [ "‘il dx

| 2
X

2
_ - B .
For the integrand —— | do lony division:
) ] ’

= x log{x* +1)-—2f(1--

) dx

x2+1

Integrate the sin term by term and factor out constants:

=xlogh® +1)+2 [ dx-2 [1dx

5
L |

gy . y 1 . -t .
he intepral of e S L {xu

41
= xlog(x* + 1) + 2tan~1(x) - 2 [1ax
The intsgral of 1 isx

= X lz::g{x:‘E + ’1]- —2x + 2tan"}(x) + constant

Wolbvam P






Zﬂ S ¢ e X dx
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“""fS Y (Sec>Cx)-1) dx
:’S (% Sec’Tx)~x ) dx

= § Xjeca(x)cix*/g Xal x

§hl¢§HLA/€_ \ﬁc}( C‘? C--SfG'R'XC{k-
d F=o 9 Ao lx ]

= Yo X — S M?ﬁ ,,S o oy

~ Klpx- Sx(\lx +log (cos (X))

o o |
| N | |
- -—-—2 oy dem O Y {aﬁ(CﬂSLX))%ﬂ

A
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Page 368, Problem Number Eighty

tan~1 2x
1+4x?

dx

Integrate: f

You should begin this integral by making the simple substitution of u = 2x. You will also find
that du = 2dx. This leaves you with the integral:

1 tan~tu 1 1
= du == . tan"tu du
2 f T4u? u 2 f 1+u? ud

I separated the arc-tangent from the fraction to make this next step easier to see. At this point you
know that your derivative yields an arc-tangent in the numerator multiplied by the denominator —
which looks exactly like the derivative of arc-tangent of u. After some deliberation, you should
be able to see that the derivative of arc-tangent squared would give you such an answer, so you
should integrate the above equation to get: "

- 1 -
%-%(tan w2+ C = (tan w4+
When you put u back into terms of x you have the final answer of:

Z(tan"12x)? + C
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82.) dx=log{—x—2) - log(x + 3} + constant

f 1

J X +5x+6
Log is the natural logarithm

Possible intermediate sieps

S

Fiar thes inbegrand —p——— ~, conpdete the soqua s

Mo -
ol AW E N

stbratitits o = o4 - ared oo o= g

= —2tanh N2 w) + constant

F . - - b
Substitute back for s x e =

= 2 tanh” 3{2 X+ 5y + comstant

aowaluess fo

Which s eqquivalent for restric

= log(—x — 2) - log(x + 3) + constant

: Anter-n;..,.ni.nln IS
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Problem 85

[
x
14 x8
Start by making the substitution u = x* and du = 4x3
1J‘ 1
4] 14+u?
. 1.
The integral of T i arctan{u)
arctan(u)
4
Substitute x* back in for u
arctan(x*)

4
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£ tan™

Faoter st corstants:

. H " m.n‘“]"(.v&
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R

Bor the integrand - v bt o= Y

asxcd b = oo

) =1
— 1 f 1 . &t tEn Tix
2 ERTE & x

o i
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’ B
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. 3 "“'1 K
— _logis} " i ; 1 Fu - man™ " iyl
2 Yo x
The integral of - is logluh

= _logls) | gl i

b COFPRLATT
2 2 X

Subsritute back for &= g 3

. . ~Lyy .
e u} -(Iﬁg(_u} —loglu + 13— 2209 } + constard
s . X

Sedytitude baek for o

) ER et
x b

A mltermiive form of the integral in

— % f}mg( e )__ B tan~ My

el x

) H- CanEinnt
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Page 368, Problem Number Eighty-Nine
Vi
e
Integrate: | = dx

To integrate this equation, just make the u substitution of u = vx and find that du = % dx.

You should end up with:
2[e*du
Which is simply:

2eV* + ¢
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91.) logfx' 1
),

2 X

Log is the natural logarithm

Frosible intermediate steps

r ]ﬂg‘(xm] dx

X

W

Eifz'l;ff‘ 1 7 o ; i'! 3 ; 16 ,
=, substitute i == Jogle™ L apd du = —do

Far the integrand —— a

o k3

. ; N Aiéi"
The integral of iy -

2
20

Subsfitute baek for = EH@‘E;? i

= = lrzagg{x]] + conatant
20

[ rnmm Inn(‘li Rt T
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oﬁ/ Possible intermediate steps

f sec(Sx

For the integrand s(5x]
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Problem 94

1
"
Ve +yx+1
Start by rationalizing the denominator by multiplying both sides with the conjugate
1 Ve —vx+1

T v T (R e

Split up the main integral into two smaller integrals
fv;c+1dx~f\/§dx
Make the substitution u = x + 1 and du = dx

f\/ﬁdu—fﬁdx

3 ]
The anti-derivative of Vx is Zsﬁ and the anti-derivative of Vv is 33;—2-

3 3
2 2x%2

3

2u
3

+ C
Substitute x + 1 back in foru

3 3
2{x+ 1)z  2xz

C
3 3 *



1
f IR dx = — cot(x) +

Possible intermediate steps:

| f csc?(x) dx

) - ::: - o g A g v
The integral of e (x) is ~cot{x):

= —cot(x) + constant

onstant

wol Fram o ( gha
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Page 368, Problem Number Ninety-Eight

Integrate: | sin® x cos® x dx

To begin this problem you should make the u substitution of u = cos x. This means that your
du = —sinx dx. Using trigonometric identities and by plugging in your u you should get this
answer. (I have shown the steps):

[Sin?x cos? xsinxdx = [ (1 — cos?x) cos? xsinx dx =
~[(1=vHvPdu=—[v®—u*du
Integrate that final step to get:

1 1

SuS —=ud 4+ C

5 3
Put the equation back in terms of x to get your final answer of:

1 1
gms5 X — Ecos3x +C
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¥ 1 1
100 (g2 (x)eos () dx = S”gx} g sin{3 x) — — sin5 XY+ constant

Possble intermedinte steps:

[eos®(x) sin®(x) dx

i i:} nze the frigonometric identity e wr ] g

Foar the irdeerand oo

= [sin®(x) {1 - sin®(x)) cos(x) dx

Foir the infeerand coaly f‘m f r;H - f«u subabitibs o = sind ) amwd o == ooy

T

- fug (1- 1@.2] du

. ) i 9 ey N C
Bor the 1;}:&@%3{1‘;’1?:@1 g |1 -, do long dividon

= [ - Hdu

Inberrates the so terrm by e and facfor out consdants

s

- fu du- [u du

.t
The ingegral of ot iz ;
5
g
= [u* du-=
3

Jo. . o,
e integral of o s =

Subrstituts back for w= sinlay

st st
3 5 ‘ '

Which s enqual fon

= ol 1 sim(3 xy - L sind5 x) + coristant
8 48 B0

+ et lem snrid B,
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Poagsible interrmediabe sbepm

e

5 By g e zmﬂé " o s
maboeb bt i = xS gl g = 2

For the integramd sy carmiplebs the sguars

1 f 1 ¥
2 f (ee—1 }E —t

sttt B o= w1 oaned dfr = e

1 . | e igﬁ %
T frtegral af -5 ig == I [ 3

B il o

= — = tanh™ {2} + cone
: 2. -2

suibstituts back for & = g — 1,

= — 2 tanh™ Y 12
4 Lo

substitute back for = 2°

=~ tanh~Y 21 (x* - 1)

Wihizh is ecquivalent for restrictsd ¥ valuss oo

o8 log(3 xz} lmg:&f + 1«3

=8
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Problem 103

x4
e dx

Begin by modifying the integral using long division and split into three smaller integrals

Jqﬁﬁ%%%33+ 3&—19d 3fx2+x+1 3j dx+jm&

Use algebra to split the mtegral mto two fractions and split into two smaller integrals

3 2x+1 )d _ lj‘ j‘ 2x+1
3J\2(x*+ x+1) 2(x*+ x+1) =3 x2+x+1 "6 x2+x+1

For the second integral, substitute u ="+ x + 1 and du = 2x + 1 dx

2}x2+x+1 f Rty f

Complete the square for the first integral

lf ! d 1]1d +1f ! d +f d
2 ( 17 3 *T%)u Urgfy—1™ xex
x + ) +Z

2

dx +fxdx

For the first integral, substitute w =x + % and dw = dx and in the third substitute v = x—1 and dv = dx
1 1 171 171
'5—[ 3dw--6-f—du+-§f—dv+fxdx
w? +Z U v

. arctan (ﬁ) %2
The first integral comes out to —F the second In{u}, the third in{v), and the fourth -

retan (Z—W
arctan (=) nqy) O
V3 6 3 2
Substitute back inx - 1 forv, x + é— forw, and x>+ x + 1 for u

rctan (M)
a V3 in(x2 + x + 1) L In(x — 1)
V3 6 3

s
2



fx sec? (X) dx = xtan(x) + log(cos(x)) + corstant

Possible intermediate steps:

[xsec?(x) dx

For the integrand » 8507 (x) integrate by parts, f fdg=Ffg~ f‘{ d f, where

Fe=x,  dg = s (xidx,

A e F o I Y
i }_' —GE, g = fanixy)

= xtan(x) - J't:a n{x)dx

The integral of tanlxiis ~logleas(x

= xtan(x) + log(cos(x)) + constant

[No\%Ma/{M
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Page 368, Problem Number One-Hundred and Seven
Integrate: [ sinx - cos2x dx

To make your life easier, begin this integral by rearranging the equation into something that is
easier to integrate. Use the Pythagorean identity and the angle addition formulas to get:

[ sinx - (2 cos®*x — 1) dx

You should now make a u substitution of u = cosx. You will find that du = — sinx dx. You
should end up with:

—f2u* - 1) du

Integrate this and put it in terms of x to get:

2 2
~§u3 +u+C = cosxwgcos3x+ C
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' X 3 |
f"éjw e = T (x— 1973 (2 x + 3y + constant

Pryssibls intermedinte skeps
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Possible intermediate shapy
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) ErqeXpeX

For the inbeeraned — e il stitute oo gt

Cofth g g™

gl ooy == el
H 4—5 £ <
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“f*"*mfz“ the integrand R cennplete the square:
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i

g
i

g, substitote s == ou = oand ds = da

¥,
H
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e p—r oo

suhstitube baerk for g = g4 <
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Problem 112

cos?x
— dx
sin? x

cos? x
sin? x

Start by substituting cot? for

j cos? x cot? x dx
Use the trigonometric identity cot? = csc®(x) — 1
2 2
fcos x{cscex — 1) dx

cos?x
sinZx

Muttiply out the terms and use the trigonometric identity cot? =
j (cot? x — cos? x)dx
Split up the integral into two smaller integrals

fcot%dx-fcoszxdx

cos{2x)+ 1

Rewrite cos® x as -

2y 41
fcotzxdx_ffﬁg)—— dx

Split up the integral again into two smaller integrais
1 1
f cot? x dx — EJ- cos(2x) dx — J.de
tn the middle integral, make the substitution u = 2x and du = 2dx
1 1
f cot? x dx _Zf cos(u)dx — f—z—dx

The integral of cos(u) is sin{u), the integral of% is fczw, and the integral of cot’(x) is - x — cot (x)

sin(uw) «x

—x — cot{x) — —5+C
x (x) 2 >
Substitute 2x back in for u, and combine like terms
sin (2x 3x
_sn@) _3x_ cot(x) 4+ C



f e’ cos(e) dx = sin(e®) + ronstant

Fossible intermedinte steps

fe"" cos{e¥) dx

For the infegrand € cosfe™ || substitute v = % and du = e dw

= fc.os(‘u) du
The integral of cosia) is sinfu):
= sin(u) + constant
substitite back for we= e*

= sin{e") + ronstant

wial fam af p‘/U\
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Page 368, Problem Number One-Hundred and Sixteen

CoSX
in*(x) —2sin{x)+3

Integrate: f .
Begin this integral by making the u substitution of u = sinx. du = cos xdx so you should get:
f du

u-2u+3
Complete the square in the denominator to make your second substitution (v) so that you can

eliminate the second term in that quadratic equation. You will end up with v = 1 — 1 and
dv = du. Here is the equation once everything is substituted in:

dv
f 242

Factor outa % to get it in the form of the derivative of tan™1 t. You should get:

You should integrate the equation and put v in terms of x to get:

1

V2

~1,V L —1,5iBx-1
tan (ﬁ)+C—ﬁtan ( 75 )+ C
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118.)

f loglxVx ) dx = x log|x*?)

(8

Pogsibde infarmediate =

[logx?) dx

Bt the integrand logle™™ |

4 gl o
=7 r————*%_ du
ad u

e e I
Bor Hhe interrard -

T PR T L
P lagiu,

2 g0 I #ap e B
e ~du, g e
i &

o 2203 et C 1,
= w=* logl) — f‘“‘“ ffu
J

The integral of

B3

243 logiu) — = b Constant

= il

. . g
Sybesbitbe Lol for o xS,

= (x‘?f-? 1]3"'3 Iﬂg;lf_ng E'j - -; [13'2 }lg'ﬁg + constant

Factor the aneesr o differant waw

W

= é (ff‘? ’323‘3 [E Io_g[;:fﬂ"g} - 3:1 + constart

Wehich iz epuivadent for vestrictsd x valoes

Lo

=X lﬂg{i’wg‘} - %‘E o oreEtant

Log is the natural logarithm
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Problem 121
J In (1 —vx)dx

Start by making the substitution u=+/x and du = % dx

qu * In{1 — w)du
Make the second substitutionw =1 — u and dw = -du

2 f(w — Din (w)dw
Expand out the integral

2 f(w *In (W) — In (w))dw

Split the equation into two smaller integrals

ZI(W * In (w)dw — 2f1n(w) dw

2
Integrate the integral of w*In(w} by parts, making f = In{wj), df = % dw, dg = wdw, and g = %-

w2
271n(w) - jwdw - 2[ In{w) dw
Integrate fhe'integral of In{w) by parts, making f = In{w}, df= %dw, dg=dw,andg=w
w2
2—2—1n(w) — fw dw — 2w n{w) + 2[ 1dw
2
The integral of w is evaluated to be W?, and the integral of 1 is evaluated to be w
2 p)

w w
Z—Z—In(w) - "—2'-'— 2win{w) + 2w+ C

Substitute 1 — u back in for w, and vx back in for u

(1—Vx)?

(1-VF ) (1~ vF) - S

w21 = x Y1 =vx )+ 2(1 —Vx) +C
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Page 368, Problem Number One-Hundred and Twenty-Five

Integrate: f J—

You should begin this problem by making the u substitution of x= sinu and dx = cosu du to
get:

- S]'ﬂ ucosu . . . .. . e
[—=—=—=—du = [ —sin®u du (By using trigonometric identities)

Vi1- sin?u

You should get rid of the square on the sine term by putting it in terms of cos 2u

f cos2u—1 du

2
Divide the integral into two integrals to simplify integration, and integrate them to get:

sin2u
4

~fu+C
2

Using the fact that sin 2u = 2 sin u cos u you can re-write this as:

sinucosu

1
—=u-+C
2 2
At this point you put u back into terms of x to get:

sin (sin~(x))-cos (sin~*(x))
2

1. .
—~—sin lx+C

At this point, simplify your equation, Remember that cos u = +/ 1 — sin® u and that sin*u = x*
from our original u substitution. This should allow you to get the final answer of:

~ (V1= % —sin"1(x)) + C



