Honors Math 182 Homework 1 Version A

1. Find the following derivatives. Work the problems using pencil and paper. You may
check your work with Maple.

() (o7 +77)
(ii) % (z°In(2® + 1))
(iii) % arctan(b sin )

d .
. 2 sSin x
(iv) _dx’ + x|

d tan(e®)
(V) . 4
de 1+ x
2. Find the partial fraction decompositions of the following rational expressions.
] 3x
i
(i) (z+1)(z—2)
2
.s x
) ey
T+ 3

(i) (x+1)%(z — 2)
3. Work the following story problems from the handouts.
(1) Stewart: page 311 # 12, 13, 14, 22, 30
(ii) Ellis and Gulick: page 197 # 7,9, 15, 17, 23
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i, If V is the volume of a cube with edge length x and the
cube expands as time passes, find dV/dr in terms of dx/dz.

2, {a) If A is the area of 4 circle with radius rund the circle
expands as fime passes, find ¢A /df in werms of dr/dl.
(b} Suppose otl spills from a ruptured tanker and spreads in
a circalar pattern. If the radius of the vl spill increases
ar a constant rate of 1 m/s, how fast is the area of the

spill tncreasimg when the radius is 30 m?

3, Each side of a sauare is increasing at a rate of 6 em/s. AL
what rate is the wrea of the square increasing when the area
of the square is 16 om™?

4. The length of a rectangle is increasing at a rate of § cm/s
and its width is increasing at a rate of 3 cmy/s. When the
length is 20 om and the width is 10 ¢m, how fast s the area
of the rectangle inoreasing?

Gy =x" + Zxand dr/di = 5. fnd dy/dr when x = 2,

B IF 3+ v? = 25 and dv/dr = 6, And defds when y = 4.

.2
EA

dx/dr == 72, and dy/dr = 3, find dz/di when
r=5and v =12

8. A particie moves along the curve v = v 7T o Asit
reaches the point (2, 3), the v-coardinate is increasing ata
rate of 4 cm/s. How fast is the x-coordinate of the point.
changing at that instant?

{a) What quantities are given in the problem?

{b) What is the unknown?

{¢) Draw a picture of the shuation for any time /.
id) Write an equation that relates the quantifies.
{e} Finish solving the problem,

9 If 2 snowball melts so that its surface area decreases at a
rate of 1 cm~/min, find the rate at which the diameter
decreases wien the diameter 15 10 om.

Hl. Atnoon, ship A is 150 km. west of ship B. Ship A 18 sailing
east ut 35 ke /b and ship B is sailing north at 25 km/h. How
fast is the distance between the ships changing at 00 p.?

L A plane Aying horizoptaily at an altitude of | mi and a
speed of 300 mi/h passes directly over & raday station. Find
the rate at which the distance from the plane to the stalion is
increasing wher it is 2 mi away from the station.

A street Hght is mounted at the top of a 15-14
A man 6 1 tall walks away from the pole with a speed of
5 ft/s slong a straight path. How fast is the tip of his
shadow moving when he is 40 ft from the pole?

tail pole.

a . . . i % B a u + u “

13, Two cars start moving from the same point, One travels
south at 50 mi/M and the other traveis west at 25 mi/h. At
what rate i3 the distance between the cars Increasing two
hours laer?

4. A spotlight on the ground shines on & wail 12 m away. Ha
man 2 m tall walks from the spotlight toward the building at
a speed of 1.6 m/s, how fast is the length of his shadow on
the building decreasing when he 1§ 4 m from the building?

15. A man starts walking north at 4 ft/s from a point P. Five
minutes later a woman starts walking south at 3 ft/s from
A point 300 ft due east of P, At what rate are the people
moving apart 15 min after the woman starts waiking?

16, A baseball dismond is a square with side 90 {1, A batler hitg
the hall and runs toward first base with a speed of 24 fi/s.
fa) At what rate is his distance from second base decreasing

when he ts halfway to tirst base?
(1) At what rate is his distance from third hase increasing at
the same moment?

17, The altitude of a triangle is increasing at a rate of 1 cmy/in
while the area of the tmangle i3 increasing at & rate of
2 om®/miin. At what rate is the base of the triangle changing
when the altitude ts 10 ¢m and the area is 100 cm™?

8. A boat is pulled into a dock by a rope nttacked to the bow
of the hoat and passing through a pulley on the dock that is
L m higher than the bow of the boat. I the rope 1s pulied in
atasate of 1 m/s, how fast is the boat approaching the dock
when it {s 8 m from the dock?

19, At noon, ship A is 100 km west of ship B. Ship A is satling
south at 35 kni/h and ship B 18 sailing north ac 25 km/h.
How fast is the distance between the ships changing at
4:00 pv?

20. A parncle is moving along the curve y = J. As the par-
ticle passes through the point (4, 2}, its x-coordinate
increases at a rate of 3 cmy/s. How fast is the distance
from the particle (o the origin changing at this instant?

2%, Fwo carts, A and B, are connecied by a rope 39 ft long that
/passes over o pulley P {see the figure on the next page). The
peint @ is on the floor 12 1t directly beneath P and between
the carts. Cart A s being pulled away from @ at a speed of




268 ! CHAPTER & APPUICATIONS OF UIFREREHTIATION

I ft/s. How fast 1s carr B mowving toward 7 at the instan

when catt A 1s 5 {1 from 7

oM E B
L] : Le

PSR — I

2%, Water is leaking oui of an inverted conical tank ai a rate
of 10.00¢ cm’/min at the same time that water is being
pumped o the tank at a constant rate. The tank has hetghr
& m and the diameier at the wp s 4 m. I the water jevel i
rising at 4 rate of 20 om/min when the neight of the water
is 2 i find the rate an which water is being pumped into the
tank.

[

3. A trough is 10 £ jong and its ends have the shape of sos-
celes triangies that are 3 ft across at the top and have &
peight of |1 If the rough is being filled with water at a
rate of 12 ft%/min, how fast is the water level rising when
the water is 6 mches deep?

24

A swimming pool s 20 1 wide, 40 £1 Jong, 3 ft deep at the
shallow end. and 9 fU deep at its despest point. A cross-

section s shown i the figure. I the pool is being filled at a
rage of 0.8 1t min, how fast is the water level rising when

the depth at the deepest point s 5 717

. Gravel is being dumped from o conveyor beli ar a rate of

30 1/ min, and s coarseness is such that it forms a piic i

the shape of a cone whose base diameter and height are

always equal. How fasi is the height of the pile moreasing
E

when the pile is 10 U hight

i
|
i
'

26, A kite IO fr abave the ground moves horizontaily ai a
speed of § ft/s. At what rate is the angle berween the string
and the horizontal decreasing when 200 fU of string have

been let out?

ER=]
1

Two sides af a triangle are 4 m and 5 m 1 {ength and the "
angle berween them s increasing at a raie of 0.08 rad/s

Find the rate ai which the area of the trlangle bs moreasing

when the angle between the sides of fixed length s 7072,

a triangie have lengths 12 mand 15 m. The SCN
angle between them 1g wereasing ai a rae of 2% min. How t
fasl is the length of the third side mcreasing when the angie i
berween the sides of fixed length is 6077 o

Two sides of

Boyles Law stales that when a sample of gas 18 compresseg 13
al g constant temperature, the pressure M and volume V gq (_
a constant. Suppose
s volumic 138 608 em’, th
sure is 150 kPPa, and-the pres L4 inereasi
20 KPa/min. At what rate is the volume d

sty the equation PV = O where O 13
i

thai ai o certain nstant th :

=

Larale of
eTeasing at this

instans?
[ 3

We d

When air expands adiabatically {withoul gaining or losing
heat), its pressure P and volume ¥ are related by the eqgus-
tion PV = O where i3 a constant. Suppose that ai «
cortain insiant the volume is 400 cm” and the pressure is
BO kPa and is decreasing at # raie of 10 kKPa/min. At whal
rate 18 the volume Increasing at this instant?

I rwo resistors with resistances R, and 8+ are conmected i
parallel, as in the figure, then the total resistance R, mea-
sured in ohms (€1}, is given by

IRy and Re are increastng at raes of 0.3 L0745 and 0.2 L/,
respectively. bhow fast i ¥ changing when N, = 80 (2 and

R = 100 (17

]

Bram weight £ as a function of body weight W in fish has
been modeled by the power function B = 0.007W 7, where
B and W are measured in grams. A model for body weight
as a function of body length L (measured in centimeters) 1s
W= 0124777 1 over 10 million vears, the average length
of u certam species of fish evolved from 15 om 1o 20 cm &
a constant rate. how fast was this species” braln growing
when e average length was 18 cm?

A television carpera is positioned 4000 £t from the base of 2
rocket lnunching pad, The angle of clevation of the camera
has (o change at the correct rate in order o keep the rocke:
in stght. Also. the mechanism for focusing the camera has
o lake inte account the increasing distance from the camen
o the riving rocket. Let’s asyume the rocker rises vertically
and its speed is 600 ft/s when it has risen 3000 fi.

(a} How fast is the distance from the welevision camers ©

the rocket changing al that moment?
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(b) If the television camera is always kept aimed at the 3%. Two people start lrom the same point. One walks east al
rocket, how fast is the camera’s angle of elevation 3 mi/h and the other walks northeast at 2 mi/h. How fast
changing at that same moment? is the distance between the people changing afler

15 munutes?
34, 4 lighthouse is located on a small island 3 km away from 2 ) . o

B . . L. P - 37. A rumner sprints around a circular track of radias 100 m at

{he nearest point P on a straight shoreline and its light et o R .
N ‘ L o R a constant spesd of 7 m/s. The runner's friend ie standing

makes four revoluilons per minute. How fast i5 the beam of . . . L . e LT

. . ; . S e 9 at a distance 200 m from the center of the track. How fast s
light moving along the shoreline when it is 1 km from P? . . N . o
the distance berween the friends changing when the distance
f A . . i betwe T e is :L }
15. A plane flyimg with a constant spead of 300 km/h passes between them is Z00 m

over a ground radar station at an altitude of 1 km and 38. The minuie hand on a watch 1s § mm fong and the hour

climbs at an angle of 20°. Ay what rute s the distance from hand is 4 mm long. How fast is the distance between the

the plane (o the radar staton increasing a minuie later? tips of the hands changing at ope o'clock?

42 Maximum and Minhwum Valnes

Some of the most important appiications of differential calcalus mre oprimization
problems, in which we are required to find the optimal (best) way of doing something.
Here are examples of such problems that we will solve in fhig chapter:
o What is the shape of a can that minimizes manufacearing costs?
« What is the maximum acceleration of a space shutte? (This is an importan:
guesiion to the astronauts who have to withstand the effects of acceleration.
- What is the radius of a contracted windpipe that expels air most rapidly during
a cough?

At what angie should blood vessels brasich so as to miniumize the snergy
expended by the heart in pumping blood?

These problems can be reduced to finding the maximum or minimam values of a func-
tion. Let’s first explain exactly what we mean by maximum and mirimur values,

[T} Definition A function / has an absolute maximum (or giobaf maximum; |

- ateif fle) = flx) for all x in D, where D is the domain of f. The number f{c)

' s called the maximuom valae of f on D, Simidarly, / has an absolute mini- :

©omuom at o i Flo) = Flx) for all ¥ D and the number f{c) is called the nini-
manm vaiue of £ on D, The maximum and minimum values of f are called the
extremme values of f.

Figure | shows the graph of a fusction f with absolute maximum at 4 and absolute
mimimum at ¢ Note that (d, £{d)) is the highest point on the graph and {a, f(a}] is the

lowest point.
YA

FIGURE 1
Minmmum value fla,
maximum vaiue f{d)
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We know that sin 26 has a maximum value of | and it occurs when 286 = 7/2. So
A(0) has a maximum value of 7* and it occurs when 8 == /4.

Notice that this trigonometric solution doesn’t involve differentiation. In fact, we
didn’t need to use calculus at ail,

1, Consider the foliowing problem: Find two numbers whose
sum js 23 and whose oroduct s 2 maximan,
ia) Make a table of values, like the following one, so that
the sum of the pumbers in the frst two columns is
always 23, On the basis of the evidence in your wable,
estimate the answer o the problem. -

and nwmber Froduet

-
% Farst RUINF)U]‘

3y

3
3
1

- ! L

by Use calculus to solve the problem and compure with
VOUr answer 1o part {aj.

L Find two nwmbers whose difference i 100 and whose prod-
pet is & minimum,

4. Find two posirive numbers whose product Is 100 and whose
SO IS & minimwm.

4 Find a positive number such thar the sum of the number and
us rectprocal is as small as possible.

5 Find the dimensions of a rectangle with perimeter 100 m
whose area is as large as possible.

& Find the dimensions of a rectangle with ares 1000 m* whose

perimeter is as smail as possible.

/. Cemsider the foillowing problem: A farmer with 750 ft of
fencing wants o enclose 1 reczangular area and then divide
it into tour pens with fencing paralle] to one side of the
rectmgle. What is the largest possible total area of the four
pens?
2y Draw several dingrams illustrating the situation, some

with shallow, wide pens and some with deep. sarrow
_ pens. Find the total areas of these configurations. Does
st - it appear that there is a maxinuun area? If so, estimate i,
; (h) Draw a diagram lustrating the general situadon. Iniro-
duce notation and label the diagram with your symbols,
{c) Wrire an expression for the total area,
(d Use the given informarion o write an equation that
relates the variables.
Use part {d} to write the o] area as a function of one
variable,
7 Finish solving the problem and compare the answer
with your estimate (o part (ak,

ie

-

%, Consider the following problem: A box with an open top is

L

ret
st

2

0 be consimeted from a square piece of cardboard, 3 ft

wide, by cutiing out & square from each of the fowr comers

and bending up the sides. Find the largest volume that such

a box can have.

{z) Draw several diagrams 1o illustrate the simation, some
short boxes with large bases and some 1all boxes with
small bases. Find the volumes of several such hoxes.
Does 1t appear that there is a maximum volume? If so,
agttmate it.

{b) Draw & diagram illustrating the general situation. Intro-
duce noration and Iabel the diagram with your symbols.

{1 Write an expression for the volume.

(dy Use the given information o write an cquaton that
relates the varnables.

ie) Use part (d} to write the volume as a function of one
variable.

{f) Finish solving the problem and compare the answer
with your estimate in part (a).

I 1200 cm® of material is available to make a box with a
sguare base and an open fop, find the largest possible
yolume of the box.

A hox with a square base and open top must have a voluie
of 32.000 cm’. Find the dimensions of the box that mind-
mize the amount of maierial used.

(e} Show that of all the rectangles with a given area, the one
with smallest perimerter is a square.

(b} Show that of all the reciangles with a given perimeter,
the one with greatest area is a sguare,

A rectangular storage container with an open op is 1o have
3 volume of 10 . The length of its base is twice the width.
Material for the base costs $10 per square meter. Marerial
for the sides costs $6 per square meter. Find the cost of
matertals for the cheapest such container.

Find the points on the ellipse 4x7 + v~ = 4 that are farthest
away from the point {1, 0).

Find, correct o two decimal places, the coordinates of the
point on the curve y = fan x that 1s closest to the point
{5 1)

Find the dimensions of the rectangle of largest area that can
be inscribed in an equilateral triangle of side L if one side
of the rectangle lies on the base of the triangle.
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Find the dimensions of the rectangle of largest area that has
its bage on the x-axis and its other two vertices above the
x-axis and lying on the parabola v = § — 17

A right cirenlar cylinder is inscribed in a sphere of radivs 7.
Find the largest possible volume of such a evlinder,

Find the area of ihe largest rectangle thar can be inscribed in
the ellipse x¥a® + v3/p" = 1.

A Norman window has the shape of a rectangle surmoumed
by a semicircle. (Thus. the diameter of the semicircie is
equai to the widih of the rectangle, See BExercise 36 on
page 24.) If the perimeter of the window is 30 ft. find the
dimensions of the window so that the greatest possible
amou of light is admitted.

A right circular cylinder 1s inscribed in a cone with height
and base radiug r. Find the largest possible volume of such
a cvlinder,

A piece of wire 10 m long is cut into rwo pieces. One piece
is bent mto a square and the ofher is bent into an equilateral
tmiangle. How shouid the wire be cut 50 that the toral ares
enclosed 18 {a) a maximum? (b) A minimum?

A fence § ft tall rans parallel w0 a tall building at 2 distance
af 4 ft from the building. What is the length of the shortest
ladder that will reach from the ground over the fence to the
wall of the building?

A cone-shaped drinking cup is made from a sircular prece
£ paper of radius £ by cotling out a sector and joining the

{

-edges CA and CB. Find the maximum capacity of such a

cup.

A cone-shaped paper drisking cup is 10 be made to hold
27 cm” of water, Find the height and radius of the cup tha:
will use the smaliest amount of paper,

- A cone with heighi & is ihscribed in 2 larger cone with

height H so that its vertex 15 at the ceiiter of the base of the
larger cone, Show that the inner cone has maximum volume
when h = ; H.

The graph shows the fuel consumption ¢ of 2 car (messured
n gallons per hour} as a function of the speed # of the car.
At very low speeds the engine runs inefficientiy, so initially
¢ decreases as the speed increases, But at high speeds the
fuel consumption increases. You can see that {p} is min-
mized for this car when v = 30 mi/h. However, for fue!

B
=k

28

efiiciency. what must be minimized is not the consumprion
in galtons per hour but rather the fuel consumption in
gaitons per mile. Let’s call this consumpiion 6. Lising the
graph, estimate the speed ar which & has its minimum
valug,

e

P20 a0 s0

If & resistor of R ohms is connected across & batiery of
£ volis with internal resstance r ohms. then the power
{in watts) i the external resisior is

Ei . kit

!l) e
B+ ri

W E and rare fixed but K varies, what is the maximum
value of the power?

For a fish swimming at a speed o relative 1o the water, the -
energy expenditure per unit tme 15 proportonal 1o 1%, 1 s
believed that migrating fish uy (o minimize the wial energy”
reguired to swim a fixed diszance. If the fish are swimmnung
against a current i (1 < p}, then the dme required 10 swin a
distance L is L/{y — u) and the wial eneray £ required

swim the distance is given by
37

Elp) = qu

where «¢ is the proportionality constant.

{a) Determine the value of v that minimizes £,

() Skereh the graph of E.

Nore: This result has been verified experimentally;
migrating {ish swim agamnst & current at a speed 50%
greater than the current speed.

In & beehive, each cell is 2 regular hexagonal prism, open
at one end with a tfibedral angle af the other end as in the
frgure. it is believed that bees form theiv cells in such a way
as to minimize the surface area for a given volume, thus
using the jeast amount of war in cell constructon. Bxami-
nation of these cells has shown thar the measure of the apes
angle 6 15 amazingly consiswent. Based on the geometry of
the cell, it can be shown that the surface area § is given by

Jese &

-

ssicot @+ (350

5= 0sh —

where 5, the length of the sides of the hexagon, and b, the & - 7,
heighe, are constants.
{ay Calculaie d5/dw,
{b} What angle should the bees prefer?
{c) Determine the minimum surface area of the cell ¢in !
terms of ¢ and A). :
: :
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Npte: Actnal measurements of the angle ¢ in beehives have
peen made, and the measures of these angles seldom differ
fom the caleulated value by more than 2°.
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20, A boat leaves a dock at 2:00 ¢, and travels due south at a
speed of 20 kim/h. Another boat has been heading due east
at 15 km/h and reaches the same dock ar 3:00 Py, At what
time were the fwo boats closest together?

3k The Hluminadon of an object by a Jight source is directly
oroportional to the sirengsh of the source and inversely
proportional 1o the square of the distance from the source.
£ two iight sources, une three limes as strong as the other,
are placed 10 1t apast, where should an obiect be placed
on the line berween the scurces so as o recetve the least
Hlumination?

32 A woman at a point A on tire shore of 4 circuiar Jake with
raciug 2 mi wants 1o arrive at the point C diametricaily
apposite 4 on the other side of the lake in the shortest pos-
sible time. She can walk at the rate of 4 mi/h and row a
bout 4t 2 mi/k. How shouid she procesd?

3% Find an equation of the line through the point (3, 3) that
cuts off the least avea from the first quadrant

3. At which points on the curve y = | + 40x® — 347 does the
tangent line have the targest siope?

33, Let a and b be positive numbers. Find the length of the
shortest line segment that is cut off by the first quadrant and
passes through the point {a, b,

'G‘*

The frame for a kite ig 10 be made from six nieces of wood.
The four exterior pieces have been cut with the lengths

SECTION 4.6 OPTIMIZATION PROBLEMS & 3313

indicated in the figure. To maximize the area of the kite,
how long should the diagenal pieces be?

37. Let » be the velocity of Tight in air and v, the velocity of
light in water, According to Fermar’s Principle. a ray of
light will travel from a point A in the air 1 a point 8 in the
water by a path ACE that minimizes the tme taken. Show
that

sin I8

sindly g
where #, (the angie of incidence) and 8, {the angle of
rerraction) are as shown. This equation is known as Sneil’s
Law.

38. Two vertical poles PQ and ST are secured by a rope PRS
going ftom the top of the first pole 1o a pont & on the
ground between the poles and then to the top of the second
pote as in the figure. Show that the shortest length of such a
rope occurs when 4 = .

o

i

R

39, The upper right-hand corner of a piece of paper. 12 in, by
8 i, as in the figure, is foided over to the bottom edge. How
would vou fold it so as 1o minimize the length of the fold?

in other words, how would you choose x to minimize ¥7

H
|

fur
¥
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A8, A steel pipe is being carried down a hallway 9 f wide,
A the end of the hall there is a right-angled turn into & nar-
rower hallway 6 1 wide, Wiat is the iength of the fongest
pipe that can be carried horizoataily around the
corner?

i
i
&
{
e
[N

=

T, Find the maximum area of a rectan ele that can be circum-
given reclangle with length L and widih W,

seribed anour

42, A rain gutter s to be constructed from a meta) sheet of
width 3G cm by bending up ane-third of the sheet on each
side trough an angle 8. How should # be chosen sa thai the
guiter will carry the maximom amount of water?

#r,

P e

1 em i 1 o~

43 Where should the point £ be chosen on the line segment AR
S0 ds [0 maximize the angle §9

a3

[I—

[

#4. A painting in an axt galiery has height b and is hung so that
its lower edge is & distance o above the eve of an observer
'

o
{as in the fipure). How far from the wall should the observer

stand o get the best view? (In other words. whers should
the ohserver stand 50 as (0 maximize the angle § subtendeg
at his sye by the painting?)

s

45, Grnithotogists have determined that some speces of birds
tend {0 avoid flights over i
light houra, 1t s befieved that more energy is regaired i fly

¢ bodies of waier during day-

over water than land because aiv generally rises over jand

and falls over water during the day
e

A bird with these

e iy refeased from an isiand that is 3 km from the

nearest point B on a swaight shoreline, flies w a point < op

the shoreline. and then flies alony the shoreline to 13 nes:

ing area 7. Assume that the bird instinceively chooses
nath that will minimize #s energy expenditure. Points # and

Iy ave 13 ko apart.

{ay In general, i it takes 1.4 umes as much energy o Hy .
over waler as kand, t what point O should ¢ :
order w minimize the wial energy expended in rewrning
0 fEs nesting are

(b} Let Woand L denote the energy (in joules) per kilomerer
flown over water and land, respectively, What would &
large value of the ratio W/L mean iroerms of the bivd's
fiight” What wouid & smali value mean” Determine the
ratio W/ L corresponding 1o the minimam expenditure of

SRerey.

i

bird iy in

What should the value of W/L be tn order for the bird 1o
Ay directly o tts nesting area 2% What should the value
of WYL be for the bind to fiv 1o B and then along fhe
shore to 137

(d; If the omithologists observe that birds of a certain

b

species teach the shore ar a point 4 kan from £ ow
many tmes more energy does ki take a bird o By over
water than land?

46. "The biood vascular svstem consists of blood vessels {arter-
ies, arterioles. vapillaries. and veins) that convey blood from
the heart 1o the organs and back to the heart. This system




1o : should work so as to minimize the energy expended by the
lac heart m pumping the blood. In particular, this energy is

reduced when the resistance of the blood is lowered. One of
Poisenille’s Laws gives the resistance R of the blood as

where L is the tength of the bicod vessel. r is the radius.
and. 15 2 positive constant determined by the viscoslty of
the biood. (Foiseuille established this law experimentally,

5 bur it also follows from Byuation 6.6.2.) The figure shows a
i mai blood vessel with radius # branching at an angie §
Ay : into a smaller vesse! with radius r.

e H
n i
vascular
nd branching
. i
in [
ngo ‘
- a |
T
! (z}) Use Poisenille’s Law 1o show thar the total resistance of
: the blood along the path ABC 1y
oF I3 ) \
Ja— bl besed
7= . + o
o \ i rs
where o and & are the distances shown in the figure.
{by Prove that this resistance is minimized when
cos = ——
:',‘

{¢} Find the oprimal branching angle {correct to the nearest
degree) when the radius of the smaller blood vessel is
two-thirds the radius of the larger vessel,

1

SECTION 4.6 OPTHRIZATION PROBEEMS & 313

The speeds of sound ¢ in an apper layer and ¢, in a lower
tayer of rock and the thickness A of the apper layer can be
determined by seismic exploration if the speed of sound in
ihe lower laver is greater than the speed in the upper laver.
A dynarpite charge s detonated at a point P and the frans-
mitted signals are recorded v 2 point 3, which is 2 distance
D from 2. The first signal w arrive at @ wavels along the
surface and takes T\ seconds. The next signal travels from
£to o pomt R, from R to 5 in the lower layer, and then to
&2, king 7h scconds. The third signal is reflected off the
lower layer at the mudpoint 0 of RS and takes Ts seconds
i reach
(a) Bxpress 7, To, and 74 in terms of D,/ ¢y, ¢, and 4.
(b} Show that 7% is a miaimum when sin § = 2,/es.
(e) Suppose that D = 1 km, Ty = 0.26 5, 7» = (032 5,

Ty =034 s Find ¢y, ¢, and

Pl D 12
T ‘V\\ Speed of sound = o A
i s
AN v
H : | ", P H
- B " e !
LN N S
R o ¥

Speed of sound = ¢,

Nowe: Geophysicists use this echnique when studying the
structure of Barth's crust, whether searching for oil or
examining falt lines.

Two ight soarces of identcal strength are placed 10 m
apart. An obrect is to be placed at a poigt £ on & Yne ¢ par-
allel to the line joining the light sources and ar a distance d
meters from it (see the figure}. We want to locate P on £ s0
that the intensity of iluminadon s mmimized. We need o
use the fact that the intensity of iilamination for a single
source ts directly proportiopal to the sirength of the source
and inversely proportional o the square of the distance from
the source.

(a} Find an expression for the intensity fx) at the point P

(b} if & = 5 m, use graphs of J{xj and /(%) w show that the
intensity is minimized when & = 3 m, that is, when £ 18
at the midpoint of £.

{c} Hd = 10 m, show that the intensity (perhaps surpris-
ingly) Is 2ot mintmized at the midpoint.

(d) Somewhere between « = 5 m oand ¢ = 10 m there s a
wansitional vaive of o at which the point of minsimal
iHumination abruptiy changes. Bstimate this vajue of o
by graphical methods. Then find the exact vaive of d.

-

o
1 P ¢
i
]

e 0 -

i
il
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N D
W {i}\}, ‘v& - Geovwnetrd
or the value o? iy at Whlch x = 24. By the similar trianfles hppearing in Fig-

ure 3.28,
N

AN Tty Yy

AN 20 6

20 feet N
N so that
N
ﬁfect{ﬁ\ 6x + 6y = 20y
N or equivalently,
x ¥ _ §_ .
1=

FIGURE 3.27

Therefore, differentiating with respect to £, we obtain

dyMde
dr T T dr

By hypothesis, dx/dt = —35, so that when we substitute we obtain

dy 3 13
=7 =T

Consequently Pat’s shadow shrinks at the rate of ¥ feet per second at the mo-

x+y 3 ment in question.

FIGURE 3.28

The procedure we have used in solving the related rates examples of this
section includes the following steps:

1. ldentify and iabel the different variables. Include the variable whose rate is to
be evaluated and those whose rates are given. It may be helpful to sketch a
drawing at this stage.

. Determine an equation connecting the variables appearing in step 1.

3. Differentiate both sides of the equation implicitly, and solve for the derivative

that will yield the desired rate.

4. Evaluate the derivative by using the given values of the variables and their

rates.

]

This procedﬁre should also help you in solving related rates problems.

EXERGISES 3.8

volume of the snowball decreasing when the radius is 2

i(j} Suppose the radius of a spherical balioon is shrinking at 3
inches?

inch per minute. How fast is the volume decreasing when

the radius is 4 inches? 3. Suppose the volume of the snowball in Exercise 2 shrinks

at the rate of dV/dt = —2/V (cubic inches per hous}.
How fast is the radius changing when the radius is } inch?

2. Suppose a snowball remains spherical while it melts, with
the radius shrinking at one inch per hour. How fast is the
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\[4; A spherical balloon is inflated at the rate of 3 cubic
inches per minute. How fast is the radius of the halloon
increasing when the radius is 6 inches?

5. Suppose a spherical balloon grows in such a way that
after £ seconds, V = 4/t {cubic inches). How fast is the
radius changing after 64 seconds?

6. A spherical balloon is losing air at the rate of 2 cubic

inches per minute. How fast is the radius of the balloon

shrinking when the radius is 8 inches?

.{ 7. \Water leaking onto a floor creates a circular pool whose

\_~hrea increases at the rate of 3 square inches per minute.
How fast is the radius of the pool increasing when the
radius is 10 inches?

8. A point moves around the cirele 22 + y? = 9. When the
point is at { \/§, ‘\/6), its x coordinate is increasing at
the rate of 20 units per second. How fast is its ¥ coordi-
nate changing at that instant?

G. A ladder 15 feet long leans against a vertical wall. If the
bottom end of the ladder is pulled away from the wall at
2 rate of 1 foot per second, at what rate does the top of
the ladder siip down the wall when the bottom of the

" ladder is 5 feet from the wall?

p
102 Suppose the top of the ladder in Exercise 9 is being
~ pushed up the wall at the rate of 1 foot per second. How
fast is the base of the ladder approaching the wall when it
is 3 feet from the wallP

11. A board 5 feet long slides down a wall. At the instant the
bottom end is 4 feet from the wall, the other end is mov-
ing down the wall at the rvate of 2 feet per second. At that
moment,

s how fast is the bottom end sliding along the ground?
5. how fast is the area of the region between the board,
ground, and wall changing?

12. Suppose the water in Example 4 is poured in at the rate
of 4 cubic inches per second. How fast is the water level

-~ yising when the water is 2 inches deep?

(.13. /Suppose that the water level in Example 4 is rising at §
" inch per second. How fast is the water being poured in
when the water has a depth of 2 inches?

4. Water is released from a conical tank with height 50 feet
and radius 30 feet and falls into a rectangular tank whose
base has an ares of 400 square feet (Figure 3.29). The rate
of release is controlled so that when the height of the
water in the conical tank is x feet, the height is decreas-
ing at the rate of 50 — x feet per minute. How fast is the
water level in the rectangular tank rising when the
height of the water in the conical tank is 10 feet? {Hint:
The tatal amount of water in the two tanks is constant.}

15. A water trough is 12 feet long, and its cross secltion i§ an
equilateral triangle with sides 2 feet long Water is

30 feet

50 feet

g

¢
S SE

FIGURE 2.29

pumped into the trough at a rate of 3 cubic feet per
minute, How fast is the water level rising when the depth
of the water is § foot?

(}:io“\j A rope is attached to the bow of a sailboat coming in for
the evening. Assume that the rope is drawn in over a
pulley 5 feet higher than the bow at the rate of 2 feet per
second, as shown in Figure 3.30. How fast is the boat
docking when the length of rope from bow to pulley is 13
feet?

FIGURE 2.30

17. Suppose the rope in Exercise 16 s pulled so that the boat
docks at a constant rate of 2 feet per second. How fast is
the rope being pulled in when the hoat is 12 feet from the
dock?

18. As in Exercise 16, assume that the boat is pulled in bya
rope attached to the bow passing through a pulley 5 feet
above the bow. Assume also that the distance between
the bow and the dock decreases as the cube root of the
distance; that is, if the distance at time ¢ is y feet, then
dy/dt = —y"/* (feet per second). How fast is the length
of the rope shrinking when the bow is 8 feet from the
dock?
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&9%& spotlight is on the ground 100 feet from a building that

/ has vertical sides. A person 6 feet tall starts at the spot-

light and walks directly toward the building at a rate of 5
feet per second.

! a. How fast is the top of the person’s shadow moving
down the building when the person is 50 feet away
from it?

h. How fast js the top of the shadow moving when the
person is 25 feet away?

20. A kite 100 feet above the ground is being Blown away
from the person holding its string, ir a direction parallel
to the ground and at the rate of 10 feet per second. At
what rate must the string he let out when the length of
string already let out is 200 feet?

2i. When a rocket is two miles high, it is moving vertically

upward at & speed of 300 miles per hour. At that instant,

how fast is the angle of elevation of the rocket increasing,

as seen by an ohserver on the ground 5 miles from the
“faunching pad?

- A street light 16 feet high casts a shadow on the ground

L froma ball that is dropped from a height of 16 feet but 15

feet from the light. How fast is the shadow moving along

the ground when the ball is 5 feet from the ground. (Note:

: The distance s from the ball to the ground t seconds after

- release is given by the equation s = 16 — 16t2)

23. A person is pushing a box up the ramp in Figare 3.31 at

5 feet

FIGURE 3.21

24. Maple and Main Streets are straight and perpendicular to
each other. A stationary police car is located on Main
Street { mile from the intersection of the two streets. A
sports car on Maple Street approaches the intersection at
the rate of 40 miles per hour. How fast is the distance
between the two cars decreasing when the moving car is

. % mile from the intersection?

g5, \:Suppose_in Exercise 24 that as the sports car approaches
the intersection, the distance between the sports car and
the police car decreases at 25 miles per hour. How far
from the intersection would the sports car be at the mo-
ment when it is traveling 40 miles per hour?

26, A helicopter flies paraliel to the ground at an altitude of
mile and at a speed of 2 miles per minute. If the helicop-
ter flies along a straight line thal passes directly over the
White House, at what rate is the distance between the

the rate of 3 feet per second, How fast is the box rising?

185
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helicopter and the White House changing 1 minute after
the helicopter flies over the White House?

27. A Flying Tiger is making a nose dive along a parabolic
-path having the equation y = z% + 1, where x and y are
measured in feel. Assume that the sun is directly above
the y axis, that the ground is the x axis, and that the
distance from the plane to the ground is decreasing at
the constant rate of 100 feet per second. How fast is the
shadow of the plane moving along the ground when the
plane is 2501 feet above the earth’s surface? Assame that

~.the sun’s rays are vertical,
:"28.J,Boyle’s Law states that if the temperature of & gas re-
" mains constant, then the pressure p and the volume V of
the gas satisfy the equation pV = ¢, where ¢ is a constant,
If the volume is decreasing at the rate of 10 cubic inches
per second, how fast is the pressure increasing when the
pressure is 100 pounds per square inch and the volume is
20 cubic inches?

29. The tortoise and the hare are having their fabled footrace,
each moving along a straight line. The tortoise, moving at
a constant rate of 10 feet per mimste, is 4 feet from the
finish line when the hare wakes up 5001 feet from the
finish line and darts off after the tortoise. Let v be the
distance from the tortoise to the fnish line, and suppose
y = 5001 — 2500/4 — x
is the distance from the hare to the finish line,
a. How fast is the hare moving when the tortoise is 3 feet
from the finish line?
.. b. Who wins? By how many feet?
(L_S/E)A 10-foot square sign of neglizible thickness revolves
about 2 vertical axis through its center at a rate of 10
revolutions per minute. An observer far away sees it as a
rectangle of variable width. How fast is the width chang-
ing when the sign appears to be 6 feet wide and is in-
creasing in width? (Hint; View the sign from above, and
consider the angle it makes with & line puinting toward
the observer.)

3L. Suppose a deer is standing 20 feet from a highway on
which a car is traveling at a constant rate of v feet per
second. Let ¢ be the angle made by the highway and the
line of sight from a passenger to the deer {Figure 3.32).

R

20 | \'\

feet E \\

i 9\'%

x 8122

FIGURE 3.22
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Show that
di 200
dt 7400 4«2

(Notice that for x close to 0, 46/dt is approximately /20,
and thus for the passenger to keep the deer in focus, the
passenger’s eyes must rotate at the approximate rate of
/20 feet per second. This suggests why at large veloci-
ties it ay be impossible to keep a stationary object near
the highway in focus.)

At night a patrol boat approaches a point on shore along

the curve y = — %% as indicated in Figure 3.33. If the
hoat moves along the curve so that dx/d¢ = —x, and if its
¥
A
‘%% _ 1.3
¥ x
% 2

FIGURE 3.33

AND THE DIFFERENTIAL

" 33.

TANGENT LINE APPROXIMATIONS

spotlight is pointed straight ahead, determine how fast

the ifluminated spot on the shore moves when x = —2.
(Hint: You will need to find the x intercept of the line
tangent to the curve y§ = ~4x°)

A deer 5 feet long and 6 feet tall, whose rump is 4 feet
above ground as in Figure 3.34, approaches a street light
with lamp 20 feet above ground. If the deer proceeds at 3
feet per second, how fast is its shadow changing when the
front of the deer is

a. 48 feet from the street light?

b, 24 feet from the street light?

(Hin#: In parts (a} and (b), determine which yields the -
shadow, the head or the rump of the deer.)

FIGURE 2.34
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As we have seen, tangent lines and derivatives are closely related. In this section
we will make use of this relationship to estimate values of functions that are

difficult or impossible to obtain exactly.

To illustrate the problem of approximating values of functions, let

flx) = Vx

Tangen! Line
Lpproximalions
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he Our idealized formula in the insulation example does not take into account
IV all possible variables. For instance, it does not reflect installation costs or the fact
- } that some heat is lost through the walls and floor. Nevertheless, the problem as
“ stated and solved is representative of fairly common conditions. :
ng . There is 2 general procedure we have used in solving the applied problems
' in this section. Below we Hst the major features of the procedure as a guide for
Ve : you in solving applied problems involving extreme values.

1. After reading the problem carefully, choose a letter for the quantity to be
maximized or minimized, and choose auxiliary variables for the other quanti-
‘ ties appearing in the problem.
he 2. Express the quantity to be maximized or minimized in terms of the auxiliary
variables, A diagram is often wvseful.
3. Choose one variable, say %, to serve as master variable, and use the informa-
tion given in the problem to express all other auxiliary variables in terms of .
Again a diagram may be helpful.
to 4. Use the results of steps (2) and (3) to express the given quantity to be maxi-
f mized or minimized in terms of x alone.
5. Use the theory of this chapter to find the desired maximum or minimum valye.
This usually involves finding a derivative and determining where it is 0, and
. then either evaluating the given quantity at endpomts and critical points or
re- using Theorem 4.11 or 4.12.
in '
tic
be

EXERCISES 4.5

Find the two positive numbers whose sum is 18 and
whose product is as large as possible.

; 2. Find the two real numbers whose difference is 16 and

whose product is as small as possible.

750 A crate open at the top has vertical sides, a square hot-

tom, and a volume of 4 cubic meters, If the crate has the
least possible surface area, find its dimensions.

4. Suppose the crate in Exercise 3 has a top. Find the di-
mensions of the crate with minimum surface area.

om . @ Show that the entire region enclosed by the outdoor track

@ in Example 3 has maximum area if the track is circular,
8. A-Norman window is a window in the shape of a rectan-

gle with a semicircle attached at the top {(Figure 4.41).

' Find the dimensions that allow the maximum amount of

2‘: light to enter, under the condition that the perimeter of WGURE 441

f the ; the window is 12 feet. -

1 the P @ Suppose a window has the shape of a rectangle with an @ At 3 . an oil tanker traveling west in the ocean at 15
equilateral triangle attached at the top. Find the dimen- kilometers per hour passes the same point as a luxury
sions that aliow the maximum amount of light to enter, liner which arrived at the same spot at 2 pm. while
provided that the perimeter of the window is 12 feet. traveling north at 25 kilometers per hour. At what time

::Ofs: _ 8. A rectangle is inscribed in a semicircle of radius 7, with were the ships closest together? :

aren one side lying on the diameter of the semicircle. Find the 10. The coughing problem in Example 2 can be approached
maxinmum possible area of the rectangle, from a slightly different point of view. If v denotes the
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velocity of the air in the windpipe, then F, #, and v are
related by the eguation

F= 1)(’!7?‘2)
| Consequently by (3},
F_k,.
v = m:?(-ro — r?
Show that the velocity v is maximized when r = 1,

(This shows that constriction of the windpipe during a
cough appears to increase the air veloeity in the wind-
pipe and facilitate the cough.}

11) Find the point on the line y = 2x — 4 that is closest to
<" the point (1, 3).
12. Find the points on the parabolz y = x* + 2x that are
closest to the point {—1, 0.

13, Of all the triangles that pass through the point (1, 1) and
! have two sides lying on the coordinate axes, one has the
smallest area. Determine the lengths of its sides.

14. A horse breeder plans to set aside a rectangular region of
1 square kilometer for horses and wishes to builé a
L wooden fence to enclose the region. Since one side of the
region will run along & well-traveled highway, the
breeder decides to make that side more attractive, using
wood that costs three times as much per meter as the
wood for the other sides, What dimensions will minimize
the cost of the fence?

5.}Suppose a landowner wishes to use 3 miles of fencing to

““enclose an isosceles triangular region of as large an area

//‘J as possible. What should be the lengths of the sides of the
I triangle?

: 16. A manufacturer wishes to produce rectangular containers
with square bottoms and tops, each container having 2
capacity of 250 cubic inches. If the material used for the
top and the bottom costs twice as much per square inch
as the material for the sides, what dimensions will mini-
mize the cost?

173 A wire of length L is cut into two pieces. One piece is
bent to form a square, and the other is bent to form a
circle. Determine the minimum possible value for the
sum A of the areas of the square and the circle. If the wire
is actually cut, is there a maximum value of A7

18. A 12-foot wire is cut into 12 pieces, which are soldered
together to form a rectangular frame whose base is twice
as long as it is wide {as in Figure 4432). The frame is then
covered with paper.

a. How should the wire be cut if the volume of the frame

is to be maximized?
b. How should the wire be cut if the total surface area of
the frame is to be maximized?

/@

20.

FIGURE 4.42

A company plans to invest $50,000 for the next four
years, and initially it buys oil stocks. If it seems profitable -
to do so, the oil stocks will be sold before the four-year
period has lapsed, and the revenue from the sale of the
stocks will be placed in tax-free municipal bonds. Ac-
cording to the company’s analysis, if the ofl stocks are
soid after ¢ years, then the net profit P(f) in dollars for the
four-year investment is given by '

Pit) = 2(20 — )% for 0 <t <4

Determine whether the company should switch from oil
stocks to municipal bonds, and if so, after what period of
time.’

Most post offices in the United States have the following

limit on the size of a parcel that can be mailed by parcel

post: The sum of the length of its longest side and its girth

(the largest perimeter of a cross-section perpendicuiar to

the longest side) can be no more than 84 inches. _

a. Find the dimensions of the rectangular parallelepiped
with a square base having the largest volume that can -
be mailed. {There are two cases to be considered, de-
pending on which side is longest.,) '

. Find the dimensions of the right circular cylinder hav-+
ing the largest volume that can be mailed. (Again,
there are two cases to consider.)

¢. Find the dimensions of the cube having the largest
volume that can be mailed,

. Show that it is possible for a parcel to be mailable and
yet have a larger volume than a parcel that is not:
mailable. (Hint: Examine your solutions to {aj—(c).)

e. For many smal, rural, and army post offices, as well as:
post offices in Hawaii, Alaska, and Puerto Rico, the
84-inch limit is replaced by a 100-inch limit. Show :
that with the 100-inch limit it is still possible for 4
parcel to be mailable and yet have a larger volume
than one that is not mailable.
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@If C{x) is the cost of manufacturing an amount x of a
given product and p is the price per unit amount, then
the profit P{x) obtained by selling an amount x is

Plx) = px — C(x)

{Notice that there is a lgss if P(#) is negative.)
a. If C(x) = ex and ¢ < p, is there a maximum profit?
b. If Clx) = (x — 1)® 4 2, find the maximum profit.

22. Toward what point on the road should the ranger in Ex-
ampie 5 walk in order to minimize the travel time to the
car if the car is located '

a. 10 miles down the road?
b. % mile down the road?

@c. an arbitrary number ¢ of miles down the road?

23. At is known that homing pigeons fly faster over land than
over water. Assume that they fly 10 meters per second
over land but only 9 meters per secand over water.

a. Ifa pigeon is located at the edge of a straight river 500
meters wide and must fly to its nest, located 1300 met-
ers away on the opposite side of the river (Figure
443}, what path would minimize its flying time?

b. If the nest were located 200 meters farther down the
river, what path would minimize the flying time?

Nest.

FIGURE 4.43

24, In an autocatalytic chemical reaction a substance A is
converted into a substance B in such a manner that

dx

22 = kxla — 4

dt ( )
where x js the concentration of substance B at time ¢, a is
the initial concentration of substance A, and k is a posi-
tive constant. Determine the value of x at which the rate
dx/dt of the reaction is maximum,

25. If we neglect air resistance, then the range of a ball (or
any projectile) shot at an angle # with respect to the x axis
and with an initial velocity v, is given by

2
R() = (ﬂg‘i)sgnze for0<f <7

where g is the acceleration due to gravity (32 feet per
second per second).
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a. Show that the maximum range is attained when
8 = n/4.

b. If v, = 96 feet per second and the aim is to snuff out a

. smouldering cigarette lying on the ground 144 feet

away, at what angle should the ball be hit?

¢. The maximum height reached by the ball is

_ (vfsin® @)

Ymax = —NME?"W

Why would it be a bad idea to hit the balt so that y_
is maximized? :
26. A ring of radius a carries a uniform electric charge (.
The electric field intensity at any point x along the axis of
the ring is given by

E(x) Ox

X = (2% + aee

Find the maximum value of E.

27. ¥ electric charge is uniformly distributed throughout a
circular cylinder (such as a telephone wire) of radius &,
then at any point whose distance from the axis of the
cylinder is 7, the electric field intensity is given by

E}—[CT for0<r<a
(r) = ca®/r forr>a

where ¢ is a positive constant.
a. Show that E{r) is maximum for r = a.
b. Is E differentiable at a? Explain your answer,

An isosceles triangle has base 6 and height 12. Find the

maximum possible area of a rectangle that can be placed
inside the triangle with one side on the base of the tri-
angle.

29. An isosceles triangle is inscribed in & circle of radius r.
Find the maximum possible area of the triangle.

. A cylindrical can with top and bottom has volume V.
Find the radius of the can with the smallest possible sur-
face area, '

31. A cylinder is inscribed in a sphere with radius R. Find
the height of the eylinder with the maximum possible
volume.

@ A cylinder is inscribed in a cone of height H and base
radius R. Determine the largest possible volume for the
cylinder.

33. Find the radius of the cone with given volume V
and minimuem surface area. {Hint: The surface area §
of a cone with radius r and height h is given by § =
Yy -

34. Three sides of a trapezoid are of equal length L, and no
two are parallel. Find the length of the fourth side that
gives the trapezoid maximum area.
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A rectangular printed page is to have margins 2 inches
wide at the top and the bottom and margins ! inch wide
on each of the two sides. If the page is to have 35 square
inches of printing, determine the minirmum possible area
of the page itself.

A real estate firm can borrow money at 5% interest per
year and can lend the money to its customers. If the
amount of money it can lend is inversely proportional to
the square of the interest rate at which it lends, what
interest rate would maximize the firm’s profit per year?
(Hint: Let x be the loan interest rate, Notice that the
profit is the product of the amount borrowed by the firm
and the difference between the interest rates at which it
lends and borrows.)

A company has a daily fixed cost of $5000. If the company
produces x units daily, then the daily cost in doliars for
labor and materials is 3x. The daily cost of equipment
maintenance is x2/2,500,000. What daily production
minimizes the total daily cost per unit of production?
(Hint: The cost per unit is the total cost C{x) divided
by %)

A company sells 1000 units of a certain product annually,
with no seasonal fluctnations in demand. It always
reorders the same number x of units, stocks unsold units
until no more remain, and then reorders again. H it costs
b dollars to stock one unit for one year and there is a fixed
cost of ¢ dollars each time the company reorders, how
many units should be reordered each time to minimize
the total annual cost of reordering and stocking? (Hini:
The company will have an average inventory of /2 units
and must reorder 1000/x times per year. Find the annual
stocking and reordering costs and minimize their sum.}

Suppose we wish to estimate the probability p of rolling
a 3 with a loaded die. We roll the die n times and cbtain
m 3's in a particular order. The probability of this is
known to be p™(1 — p)*~™. The maximum likelihood es-
timate of p based on the n rolls is the value of x that
maximizes x™1 — x» ™ on [0, 1]. Show that the maxi-
mum likelihood estimate of p iIs m/n.

A farmer wishes to employ tomato pickers to harvest

62,500 tomatoes. Each picker can harvest 623 tomatoes

per hour and is paid $6 per hour. In addition, the farmer

must pay a supervisor $10 per hour and pay the union $10

for each picker employed.

a. How many pickers should the farmer employ to mini-
mize the cost of harvesting the tomatoes?

b. What is the minimum cost to the farmer?

Find the length of the largest thin, rigid pipe that can be
carried from one 10-foot-wide corrider to a similar corri-
dor at right angles to the first. Assume that the pipe has

- 42.

negligible diameter. (Hint: Find the length of the shortest
liné that touches the inside corner of the hallways and’
extends to the two walls.)

After work a person wishes to sit in a long park bounded
by two parallel highways 300 meters apart. Suppose one
highway is 8 times as noisy as the other, In order to have
the quietest repose, how far from the quieter highway
should the person sit? {Hint: The intensity of noise where
the person sits is directly proportional to the intensity of;
noise at the source and inversely proportional to the
square of the distance from the source.)

In Exercise 43 we present a mathematical problem that arises
in two completely different settings (see Exercises 44 and 45).

43.

44.

Let p, g, and r be positive constants with g <{ 7, and let

T 7
— —_ t e e
floy =p —qeott + —= for 0.8 <5
Show that f bas a minimum value on (0, 7 /2) at the value
of & for which cosé = g/r.

This problem derives from the biological study of vascu-
lar branching. Assame that a major blood vessel A leads:
away from the heart (P in Figure 4.44) and that in order
for the heart to feed an organ at R, we must place an
auxiliary artery somewhere between P and ¢J. The resist-
ance # of the blood as it flows along the path PSR is
given by

A0 = k [“z - ffow)]

1

b 7
k(r%sinﬂ) for ¢ < @ <§-

where k, a, b, r,, and r, are positive constants with r, >> 7,
{see Figure 4.44), Where should the contact ai § be made
to produce the least resistance? {Hint: Using the result of.
Exercise 43, find the cosine of the angle § for which R{#)
is minimized.}

L a7
®
[ L

FIGURE 4.44
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L 45. A bee’s cell in a hive is a regular hexagonal prism open at . Trihedral
nd the front, with a trihedral apex at the back (Figure 4.45). angle
: It can be shown that the surface aren of a cell with apex §
ed is given by Rear of cell
ne
ve : 3 V3 g
: v - - 2 _ oy f o
ay . S8} Bab+2b( COt9+sinEJ) or0<6<2
are ' :
of where a and b are positive constants. Show that the sur-
the face area is minimized if cos 8 = 1//3,'s0 that § =~ 54.7°.
: {Hint: Use the result of Exercise 43.) Experiments have Front of cell
ses shown that bee cells have an average angle within &' (less
£5). than one tenth of one degree} of 54.7°. FIGURE 4.45
let
4.8 CONCAVITY AND INFLECTION POINTS
lue
We now consider other ways the second derivative can help in graphing func-
cu- tions—through the notions of concavity and inflection points.
ads
der by
an A
ist-
iis
.7 ll e‘!
-7 : 0 of /7 v g
> 1, § Tangent lines below graph Tangent lines above graph
ade _ (a) 3
it of
\ FIGURE 4.46
i) :

Concavity InFigure 4.46(a) the tangent lines lie below the graphs, whereas in Figure 4.46(b)

the tangent lines lie above the graphs. To distinguish between these two cases, we
define the notion of concavity.

DEFINITION £.13
Ca Let f be dlfferentzabie at c, and let I, be the line tangent to the graph of
o fatle, flo). The graph of f is concave upward at (¢, f(e)) if there is an
" open interval I, about ¢ such thatif xisin I, and x # ¢, then (x, f(x)) lies
S above l,. The graph of f is concave dowuward at (¢, f(e) if there is an

_ ‘i open mterval 1, about ¢ such that 1fx1s inl, andx ;ﬁ c, then {x, f )} hes
- I belowi : w : : :




