. Math 330 Linear Algebra Homework 3

A\
2.1 Linear or not? Determine whether each of the following scalar-valued functions of n-
vectors is linear. If it is a linear funetion, give its inner product representation, t.e., an
’ n-vector a for which f(x) = a”r for all r. If it is not linear, give specific z, y, a, and 3
for which superposition fails, v.e.,

flax + 8y) £ af(x) + 3f(y).
(a) The spread of values of the vector, defined as f(r) = maxx zx — mink k.
(b) The difference of the last clement and the first, f(z) = 1, — ).

(¢) The median of an n-vector, where we will assume n = 2k + 1 is odd. The median of
the vector r is defined as the (k + 1)st largest number among the entries of r. For
example, the median of (-7.1.3.2. - 1.5) is - 1.5.

(d) The average of the entries with odd indices, minus the average of the entries with
cven indices  You can assmne that g = 2h 15 even.

(¢) Vector extrapolation. defined as «,, + (r, 1, ). for u > 2. (This is a simple
prediction of what r,, 1 would be. based on a straight line drawn through r, and
Iyo1)
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Math 330 Linear Algebra Homework 2

2.4 Lwnear function? The function ¢ : R' = R satisfies
o(L1L0) =1,  o(-L11)=1 o1 -1,-1)=L

Choose one of the following, and justify vour choice: ¢ must be linear; ¢ could be linear;
o cannot be linea
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Math 330 Linear Algebra Homework 2

2.10 Regression model. Consider the regression model § = +7 3 + v, where § is the predicted
Tesponse, 1 is an 8-vector of features, 3 is an 8-vector of coefficients, and v is the offset
term. Determine whether each of the following statements is true or false.

(a) If 33 > 0 and x4 > 0. then y > 0.

(b) If 32 = 0 then the prediction y does not depend on the second feature rg.

(¢) H 3o = ~ 08, then increasing 1o (keeping all other u,s the same) will decrease y.
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Math 330 Linear Algebra Hw 2

2.12 Price change to marimze profit. A business sells n products, and is considering changing
the price of one of the products to increase its total profits. A business analyst develops a
regression model that (reasonably accurately) predicts the total profit when the product
prices are changed, given by P = 872 4 P, where the n-vector z denotes the fractional
change in the product prices, z, = (p¥ - p,)/p,. Here P is the profit with the current
prices. P is the predicted profit with the changed prices, p; is the current (positive) price

new

of product 1, and p** is the new price of product 1.

(a) What does it mean if 3y < ()? (And yes, this can occur.)

(b) Suppose that you are given permission to change the price of one product, by up
to 1%, to increase total profit. Which product would you choose, and would you
increase or decrease the price” By how mnch?

(€} Repeat part (b) assiming vou are allowed to change the price of two products, each
by up to 1%.
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