
Math/CS 466/666 Convergence of Euler’s Method

Theorem. Consider the ordinary differential equation initial-value problem

dy

dt
= f(y, t) with y(t0) = y0

where ∥fy(ξ, t)∥ ≤ B for ξ ∈ R and t ∈ [t0, T ]. Suppose there exists a unique solution y
such that |y′′(t)| ≤ A for t ∈ [t0, T ]. Euler’s method for approximating y is given by

yk+1 = yk + hf(yk, tk) where tk = t0 + kh and h = (T − t0)/n.

Then |yn − y(T )| → 0 as n → ∞.

Proof. Define εk = yk − y(tk). Taylor’s theorem implies there exists ck ∈ [tk, tk+1] such
that

y(tk+1) = y(tk + h) = y(tk) + hy′(tk) +
h2

2
y′′(ck)

and by the Mean Value Theorem there is ξk between yk and y(tk) such that

f(yk, tk)− f(y(tk), tk) = fy(ξk, tk)
(
yk − y(tk)

)
= fy(ξk, tk)εk.

Note that |ξk − y(tk)| ≤ |εk| for k = 1, . . . , n. Therefore

εk+1 = yk+1 − y(tk+1) = yk + hf(yk, tk)− y(tk)− hy′(tk)−
h2

2
y′′(ck)

= εk + h
(
f(yk, tk)− f(y(tk), tk)

)
− h2

2
y′′(ck)

=
(
1 + hfy(ξk, tk)

)
εk − h2

2
y′′(ck)

and consequently

|εk+1| ≤ (1 + hB)|εk|+
h2

2
A.

Since ε0 = |y0 − y(0)| = 0, then by induction

|ε1| ≤
h2

2
A, |ε2| ≤ (1 + hB)

h2

2
A+

h2

2
A,

|ε3| ≤
(
(1 + hB)2 + (1 + hB) + 1

)h2

2
A,

. . .

|εn| ≤
(
(1 + hB)n−1 + · · ·+ (1 + hB) + 1

)h2

2
A,

=
( (1 + hB)n − 1

hB

)h2

2
A =

(
(1 + hB)n − 1

)hA
2B

.

Now

lim
n→∞

(1 + hB)n = lim
n→∞

(
1 +

(T − t0)B

n

)n

= e(T−t0)B

implies

|yn − y(T )| = |εn| →
(
e(T−t0)B − 1

)0A
2B

= 0 as n → ∞.
////


