Math 466/666: Homework Assignment 1

This homework explores some properties of the Chebyshev polynomials
related to optimal interpolation.

Students are encouraged to work together and consult resources outside
of the required textbook for this assignment. Please cite any sources you
consulted, including Wikipedia, other books, online discussion groups as
well as personal communications. Be prepared to independently answer
questions concerning the material on quizzes and exams.

Unless a disability makes it difficult, present all pencil-and-paper work
in your own hand writing. To do this scan handwritten pages using a
cell phone, document camera or flatbed scanner. Alternatively, you may
write on a digital tablet with a writing stylus. If a computer was used to
solve any part of a problem, include the code, input and output. Please
upload your work as a single pdf file to WebCampus.

Equation (3.3-3) from the text states a theorem on the error in the approximations ob-
tained using interpolating polynomials. When discussed in class we stated this result as

Theorem on Interpolating Polynomials: Given the distinct points x; where
i=1,...,n, let p(z) be the unique interpolating polynomial of degree less than
or equal n — 1 such that

p(x;) = f(x;) for i=1,...,n.

Provided f has n derivatives, then for every ¢ there is a corresponding £ between
min(¢, 21, ..., x,) and max(t, 1, ..., x,) such that

10 = o)+ W ey where q(t) = [Iy 0 - 20).

In this assignment we will consider how the choice of the points z; affects ¢(t) and the
resulting bounds on the error in the approximation.

1. Consider the functions g(t) = (t —c+¢€)(t — ¢ — ¢€) and h(t) = (t — ¢). It is true or
false that g(t) < h(t) for all ¢, t and € # 07 If true explain why using mathematical
reasoning, if false provide values of ¢, t and € # 0 such that g(t) > h(t).

2. Consider the function
M(z1,..., @) =max { [[I |t — 2] : t € [-1,1] }.
For n = 2 find a choice for ¢; and ¢y such that

M(eq, ) < M(xq,22) for all r1,T9 € R.

In other words, find values ¢; and ¢y for 1 and x5 such that M (x1,z2) is minimal.



10.

11.

12.

. Repeat the previous problem for n = 3 and n = 4. Please show all work and clearly

explain your reasoning.

. [Extra Credit and Math 666] Given arbitrary n € N, let the ¢; be chosen such that

M(er,y ... en) < M(zq,...,2,) for all xr; € R.

Explain why the ¢; must be distinct. Hint: Use your answer to the first question.

. Use the angle addition formulas

sin(a 4+ b) = sinacosb + cosasinb

cos(a + b) = cosacosb — sinasinb

and the Pythagorean theorem sin® a + cos? a = 1 to show cos(2a) = 2cos?a — 1.

. Use techniques similar to those employed in the previous problem to express cos(3a)

and cos(4a) as a function of cosa.

[Extra Credit and Math 666] Given arbitrary n € N with n > 2 use trigonometry to
obtain the general reduction formula

cos(na) = 2cosacos ((n — 1)a) — cos ((n — 2)a).

. Define the Chebyshev polynomials as

To(t) =2tT,-1(t) — Th—2(t) where To(t) =1 and Ti(t) =t.
Find TQ(t), Tg(t) and T4(t)

. Compare T}, (t) to ]}, (¢t — ¢;) for the values of ¢; found earlier when n = 2, 3,4. How

are these functions related?

Compare T, (t) to the trigonometric identities for cos(na) when n = 2,3,4 by making
the identification ¢ = cosa. How are these functions related?

The Chebyshev approximation theory implies that
1

W(i—§)>

c; = COs (
n

leads to the minimal value of M such that
M(er, ... en) < M(zq,...,2,) for all z; € R.
Verify these values of ¢; agree with those found in earlier for n = 2, 3, 4.
Given an arbitrary interval [a, b] define
M(zy,... x) = max { [T/ |t — 2| : t € [a,b] }
and let ¢; be chosen such that
M(&,...,¢6) < M(zy,...,x,) forall z; €R.

Find a relationship between ¢; and the values of ¢; defined earlier.



1 Y qw) = (£-creN(b-c-£) aud Iiky s (b=eD*

Tham W ls TROBE Hiak IR ) 4 O ¢ & ond
£ 20. This com ot soon bca mwmpn%

hit\-qtb)= (Y - (t-c+2)(E-c—2)
= [£-¢) - ((£-0)+ e,\ (({c—-c\ -&)

=Gc;<’( (e = Ers 0

Thoufeus Gt) < (D,



72, Wt me=92 e Rowe
M2y = maxd Vo)« e 4,07

Nty gk e Makcnum 5} | (=2 )& - 2)| occurs

ok eithen o MNWMV\ ot %Wwwm & (%"711\(6—)(’,_).

s 19 a %MA»MOHO Wi iy concanr *p asm ok

L)TDLL/ T A %«w\mnl a

CWM extComia o} Hais oot sccun
ot Fho emdesiats s}t Levvall omd o b¥v
ety We osw '@M?l ﬁtg-mwuf in ordun
40 %m?(ﬂ(“g m%ﬁ \ral&mtga%df‘d Xy
’f:;b\tl" WMW’\A%{) M(Xh'xz} -

Yy P = (£- 2 )t —x2)



Z 7 skt s .

NEav) Q%mlf Hod Fhe MoK . 15 ethan
ok t==\ o t=1. L& Hiene vaduhs ong, WY
e%.mﬂ S Hham e Longyn com e redmecd Wl
P smalder wmouar, sotha oo the somu |
This dues sk choaman Hhe mtunivumt bk
RM&%‘%M PAANC M U L. M, WQJMMM‘
Hat pED= RO whuw &, omd 2, hane beant
o soak M 2,) e minmal,

Tt s eandy Y0 500 Hmy condihiot Fwethwyu
wng lies Dok o) = - ¢, omd ek s vefex
DCcuY$ at t=o0, S Ms' CAU, e, %O@L‘
o} PW) Aivks Aatee

A
(‘X; 1




#2 (i VA

We nwow cladm Mok the drstance from Hee
©~ atie 40 P woxavtum ak pEYY g pld)
awt B Hhe s, o The distane. Yo She
MAANIMA o plol. I8 ot St onw
tuld Aromslade Hu graph it wp
or dswun omd Sunthun daentaa +he vaiad
A Mix4%). Theadee, e fane

whoe all thae dkejcm;wec, W dieaked ©Y

A attoe d o Ha same, . Thus
mgns, W Pﬂﬂ‘!‘l wlan, ek

PO =Py =—plo) .



72 Lcrwhmu/s

Qcﬂé; MWS howe QA Ao
U0 e,qﬁqwl—}

PLO=-ple) ard  PU) =—p(0)

DWW M 6 newy e_m@w(\(\ 4o datervrdac o
op-hmal valua 54 2y o Ko,

(- \%q)(l x 2) = Tk

\n.-_.-u-—"'

(- CLOCl—\:l'Z,\ = —% Yo

¢ \ ........
urdric,
1 4_"1’1““’12.‘\“ I\xz‘:‘_ “?C{xb
- ’x(-'xZ"t’?Cixb:;_x‘xb

Ly tLy = {4 00X

S

ZIHLZ'J(Q = O

-

mg WMS X‘l = = 962 -



#72  leuArnai -

Mb&hhhn% (=% o o e
Eaﬁu\ﬂ.l’la’n% st s

O‘“ l a’xz,'z’
= 4 I
2 j:v;s: 4—_—\{-2 ¢
Fov ALS*;AHLM, ok “ha W&W
crdenng <X, in e anaph | tokee_
\

\ .\
Ci=Tyg ot Ca=ng

M%w&wﬂg‘ﬁ’k | oMk A

Seo

OJ‘M}\ Cy =



#93. Ropesk the t\lﬁoam S N=3 omd =4,

’I/QW =2 ‘g\w{m %Wﬂ:‘*f‘-& O&W
‘|m(>lu(3“‘m" HL anaph o}
P(’Ej = (%'I(B[.'é: "‘xz\(,_t“ x_g\

Lovks, Ul

T HMS cone o= -y amd X =0 Vo
{3({-3:- (‘i:+36'g)3c(£“3(53]
=+ — 2}t

Ditkopmdbada o Fad B s M\Al‘!(\{)
extrewia. whon PO -



£ 72 comAiaasn

P = 27— ’-fal: O
g 1= %2 st heakion of
extrona: T Solory dovu Yo P Hhad—
) the oletomens manled béS d e Sheph
VIS QJE\‘LQL/M

p= - P

X3\ 2 25§§>
{- xaz;“(( ﬁ) *3 3

L brven CMPUZ.M, b&fmc‘j( eI,
the {F 5, bk Hane com be made o
disappean 05t Ha sabahtuti;m

O(i—g-cé 50 :C;f“:%c(.l.,
Thwn
2 = < [ «?=3u>a )
oY
90664-‘/5&9’—*\ =

O

To  Solwe R C/'*JT(L(’/ WL UARL o
rodumol. vook Hosun (of a quusn).



;243 C&V\%W”‘
%Dk\ﬁ%&?’" ol LN

A+ B - = 0O
- cokiswal_ reot Yheoumn /;wg%e)a‘}-g

(\,}Q,‘\‘t”g t*:i omA f-}i'

Pl g i Shoss quarses, e sz,
A=l 15 a Sk, Than o+l (5
o Sacksr omdl
QO(ZJP(* _ l e e
K4\ :QBZ%-"%DLZ--(
2o £ Qo™
oo~ 4
o+ ol
e

Shews ek we m solee
| aﬁlz-l- ol — \ = 1)
0 J‘l({\(i‘ ‘H\L B\QMA:{M,O& [[\6_0{»6'




#3  teulinoas - -

A4 = = O
Ba ‘e %LLQM_.A'ECJ gywij\ﬂ\-

4_1—i\f4+<5 ' —1t3
o = = T
2 4

9p e Nmoi,vx‘\mé P&O*% N

L= -\ omd dt%i.
%\mu, Xa ) 0 e toler D(:'%' OMACA)%&Q

_—\15
L= — , (=0 owu:l 03:§

b He e 5{. 263 7S fo1 g
Lot (20 1) 1 v g,czal .



#2 wakianes.. -

TR

Cluonly P, Qi of 2¢y/s o i winge M)
mauld Lk o o polu newiad. pid Haak s
even. Thansdor, we taka,

Xy =—-2y omd A,z = Lqy

S



coniames .. - Ny
#::(M N AU CeS tThe ?O%Wmcx&
S

Py = - e TR .
; d= 3 Ly -
For 5%&(6(:1&%;%% 3

o e)= -t d .






4: %WM
MLey, -, Cr) S (R, ) b ol % &R

ZY()[C)-\A q,ﬂrwh the Q.i'ﬂ, qwm\* e {\MS‘\IILL{'.

TFov cnrw\u‘aolﬁohm,/}uﬂ"m WAL ’INU‘;‘—E
Mistinek . Toun Hure wonle ot Jua

tpo0 C,-t’s Hred avena tho Sortd - Nl pandt—

o3 §L M*a, sppe G ¢, =C.
\\(m' CW(&LJ\ MGOL‘GWJ
58
p, )= (bre-e)(-cre) T (£-Cy)
Note Hat Bt = 7T (£-0p) omd
L=

QMLC\%;M,

M(C\ ot Qm\: Max. {l?b({;‘)\ ’J(, ¢ [_() 5”3%

= Ma T -0 )| ¢ Ee e

W B %le{@({c\\ [y, 1€

omd C/W €, S0 5%&*"‘»\4\* f
€7’B<“i(i‘;_/:ﬁi‘3



Newe $o0 te [c-g, ere’\ Haah

|(£-c-e)(t- ctel
== (Lt-c-e)(¢- +e)
= — (t-¢)o+¢%F < g%

Thoudes i§ telc g€} tHum
IPelir\ < €2 7T (- )
{=3

< ¢t R < ,\ZM((’U.,.}Q,.S

Dn e stiun hand | W e [oe-2lofer, (]
Hum
- k-cr o

= (E-c-)(E-cte)

= (-0 -7,



#4 oy
T Thas Cane,
Q
P )| = <(t—-c\2"" z")\ 7T H:-—c,;\\
(=

(£SO etk

- ((“’ LJC__C)?_3 \Po(‘(ﬂ\ ,
Npo , gine tE -1, c-E |V [CtE, A\
omd (6 [-4,V) o Dol owas Tk

¢ < —é’f
U T @) A
Couseqnarkty

ol et stonst,
< (1 & yMar ) aefie el §
< (- g o)



T ¥< amd Forthuming

_ M{]Pa&)\ it E—*,*]g‘
YN,y Y LN, 60
/LQ((U&CJ/L CUWQT?LOMCJ’% V\(C; Cn\ b@\%

o r«LP.,aW\ m&lum W«%% Ci%s
Gk AN mcﬁucl& Hi_ o, ald O\L%M'-



#5. Tocald +red

sinlarh) = sma tnh + eva 2 b

con(owh V= Cora. Cegh - AN Sanb
ormd Hinla - conta =\,
T Jolleany Ahal

(as(20)= en(ata) = Cosa Co5a-SFMaThna

{i
5
!
2
»



#é. &Pf\e‘:s Qos5(3a) and g (‘{0:) an &mc’ﬁ'ms

%—‘uﬂ e = 91\” (,O“H\j = Anocerat coson FNQ
= A nncCona,

C,os(?m) = @ wﬂlaﬂﬂ tosa — ASM%a trra
= Aeos a— tosa — A& (1= wna) cos
= dona —30H 0 + 2on>a

= L\ C/O"BBQ — /560'10\,

(gsda = Lofat2a)= Q07 (2a)-|
2
:fg\(g\cmza-n -\



£2  Shmo Hret
(g (Ma)~ duna (- a — en@na

CO%L’Y\OL) — GBS (il+ M-\ a \
= eova oo (MHha — gino g (m-\)a

Sa(m-1)g = N (as@Da)
- ﬁh&m&m—--z)m + nasta{m-1)a
Thar
[(ama) = ema toa(m-1) «

— Ana (W'“ -2\ a + e (M-2)a
/

— Wna M{;M-—-f)a\\_ CJ'\/;'Z Qa CU)K%'L)Q
— Ao ana i (M-2)a

NS

annd

Fnta = - wnta

SN & %{'\K\QY\-‘l\& = (05Q m@-ﬂr cu')@qu



#1  coubnars .o
§wloﬂsr{+wjriw’k_ i elds
Con(ma)= oo da ~ () cmoﬂcm@ 2,

— 0@ (Qnsa cos@-L)a - tos (M-—\? c\)

= U0 WMy — con(n-2) o



#3 “Debina
To ) 2T () = T £)
wluns Tolby=h ams T4 Y
“Hom
)= At~ To )

(B - = -y
omd
)= AT ) - T 1E)
=t (A-N — ¢
- At -2t
oo\ |
)7 b= Tt )
- Qe (at-3) —Q2F - )
=g gt )



N

n | T ) Z_T ("I’“Q{\
YN Ere %)
3| deen | (8- B
TR R (R ey R iy

—
Wm@ ha o oot R polynesials g

QM CXYW O"Qo*lfq?m%
(g4 ) = £-1 = 4 (a=1)=sn i)
o d |

[ alb-g )=  3)* ffae)
:-—l—\Tng\ '



(0 4T 2 )
. — N
— (_&2__ \(j_g_/_g\)-(;tz_ l:?)
= 412 (M y T
= ‘t‘{ —'tq’ + L:;:-/Z
= -t 4

An %wwwmmé
T = ;{T{(JG“CJ

Foa M=2,34 ap Arem abosre.



2o (Racodd
(o (3a) = denta -4
B30 = Aot — Zana
Lo (Aa)= Yanla - Fen'a +

Subsh ke £=tna yelds tok
Cos [20) = To (@)
Coo(3a) = T (&)

Cos(4a) = T4 Cos a)

ary \‘H/L\M ON N @\k.r’u:‘lr(tj J_((;\L W’*‘Cﬁf.’? (AL AS
e T)DU(]WW&Q% T ).



411 TTiw Ol/ulouxm\/ a{?prow{wmhm—\-wméslmp\&s

o | W(i-—-‘&)}
Ci= Oﬂ( M
QO/[ ;1: l),.)’ﬂ. |
Vinid Hune valuwses ot m=2,3,4 vt Ha
resulds Hrod— maad Mg M (2, . %) eanliin

e

/W/\yuéo«u/ (:f)(uvlr Q’lﬂ lldﬂj’oelk"ﬁm

?AO\JC u,-%.) “ﬂm an g, faaM'\L”lf’l}-l&m



AW Combaouns
Fot M= bl w\(ﬂ“‘”
G="0 | 020 wd Cg=

/

Do e sHun Anamek
- Cw(“(‘;‘/23>: w(-’a =13

2

ia m(ﬁ(l‘*/&)) \ -5

!

A (3 57 —
i3, o> Sh :m(zi>: G

&L?dm, O e ‘ thjn&«% uv\c\kcm
e o o oy valmn £‘G’(

&1 Cg, owui Cg,

)



— lt@z (., = [“‘T/Z,
C\’" 5 9 7 B
A EZE u:\}t+ﬁé
3 2 p

s Cﬂmﬁ\i&% e Nasenakil, g
Compoant e deciual a@@mémﬁv‘ms

=\ M2 & - 5,99292 953 251 286 F,,,

2 e e e

=~ {2 @~ 0. 382U% 34 822 50% @,

Q?>: -C, oond Cq.:"“C' 5L(
RN ( M
7t (\-Y.)
- O = [Z
T}, ( 4 ) ‘85

A~ 0,9235299325112867,,.

o (V)= ()

A O.%%Q(g"b 873 > 30 5333 %/’I 10’

s

(;ll [m,os"’ ’H&L Samig, Al — Cz_



# (A conbiaman.

=3, oY m@‘—)

X ~ 0. 27265492550 TIF,. .

Sowma ag C, ..,

‘1: A, m(ﬁ%{t\j — m(q—g)

&V —D.92%3%F 95325112867

4V

Subyeck o sligd Mbowman i ol
a{a@mf»%@ he. rma@ oo that
ot T Samt Valusy ¢ C),0,Cg amd Cq



A1 v o mb{ﬁ\m%mmﬂfmi La,b ] d4guwe
((;L(rx,,,,,;x,,y;m | :’T‘ lE-2,\ " Le [qj\o”g%

owd R T be dneven pedatinad
M, T S W, %)

b ol 2R - Find o aclakimokip héwn
eondns
Snce %ﬁéaﬂ&wb“ﬂm A OIS ’Mmfs qbe%m—mob
Lo P&A’W’W‘Aﬂs (5} e MW}W
+ 9 meﬁ?«‘ro o Gy +o ?11 W%M
S Ay L %MQA/Lb “-QJAJ%M"{‘@\&\ ’WL{:?‘) 2:_1)(3
pute [a,b].7 Nawsly

T =t + 3
whae §(-N)= ~o+ R =&

- X + = b
$(n) £ o

Thon Q(’bf—'—cﬂr\m' ek [5:“2_:*

= :-\.B—-:—a-\—-/
A= b-~a ard ol =



N\ esnrauads -

Ppby= o=t g v 2

Maps &‘\E\,\’S"‘:’fq)"b—& UtMa/xRa,

Wml&n’u&
C”b ""QCC \“ C + t%

%|ﬂSWM%W beturesn, (E’Z, curd
Flao Ualus o) ¢y



