[09-Sep-2021] Homework 1

Please work the following problems from our text:

e Problems 2.4, 2.5, 2.9, 2.11
e Problems 3.1, 3.3, 3.11, 3.12

|
2.4 ,Suppose f : R — R is infinitely differentiable, and we wish to write algorithms for

finding z* minimizing f(z). Our algorithm outputs z.s, an approximation of z*.

Assuming that in our context this problem is equivalent to finding roots of f’(x),
write expressions for:

(a) Forward error of the approximation

(b) Backward error of the approximation

(¢) Conditioning of this minimization problem near z*
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Example 2.10 (Root-finding). Suppose that we are given a smooth functionj R—>R

and want to find roots = with j(r) = 0. By Taylor’s theorem, §(z + ¢) ~ j(r) - Ej’(m)
when |¢| is small. Thus, an approximation of the condition number for finding the root x

is given by (o)
forward error \|(f1: +e)—x e 1 ) )

= -

backward errorh —‘u(m—}-g) _j(@)| ~ |€jl($)| = |j,(m)| Z \-5“0‘3\

This approximation generalizes’the one in Example 2.9. If we do not know x, we cannot

evaluate §'(z), but if we can examine the form of §and bound |j’| near z, we have an idea
of the worst-case situation.




2.5 Suppose we are given a list of floating-point values x1, 2, ..., x,. The following quan-
tity, known as their “log-sum-exp,” appears in many machine learning algorithms:

Uz, 2n) =1n [Z P'J:k‘| .
k=1

(a) The value p = e™ often represents a probability px € (0,1]. In this case, what
is the range of possible x}’s?

(b) Suppose many of the z;’s are very negative (z; < 0). Explain why evaluating
the log-sum-exp formula as written above may cause numerical error in this case.

(¢c) Show that for any a € R,

Uzy,...,2n) =a+1In

n
E eTk—a|
k=1

To avoid the issues you explained in 2.5b, suggest a value of a that may improve
the stability of computing ¢(z1,...,x,).
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2.9 In this problem, we continue to explore the conditioning of root-finding. Suppose f(z)
" and p(x) are smooth functions of = € R.

(a)

(c)

Thanks to inaccuracies in how we evaluate or express f(z), we might accidentally
compute roots of a perturbation f(z) + ep(z). Take z* to be a root of f, so
f(z*) = 0. If f'(x*) # 0, for small £ we can write a function z(g) such that
f(z(e)) + ep(z(e)) = 0, with z(0) = z*. Assuming such a function exists and is

differentiable, show:
da p(a*)

de|,_y  fl(a*)

Assume f(z) is given by Wilkinson’s polynomial [131]:
fey=(z-1)-(z—-2)-(x—=3) -~ (z —20).

We could have expanded f(x) in the monomial basis as f(x) = ag +a1x + azx? +
-+ 4 agex?, for appropriate choices of ag,...,as. If we express the coefficient

a9 inaccurately, we could use the model from Exercise 2.9a with p(z) = 29 to
predict how much root-finding will suffer. For these choices of f(z) and p(zx),

show: ]
e=0,z*=j k#j J = k

dx

de

Compare ill—g from the previous part for z* = 1 and =* = 20. Which root is more
stable to this perturbation?
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julia> ks=[2:20;]
19-element Vector{Int64}:

julia> ks=[1:19;]
19-element Vector{Int64}:

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

.- ks))

[ julia> sum(20 ./ (20 .- ks))
760.95479314287364
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2.11 | One technique for tracking uncertainty in a calculation is the use of interval arithmetic.

In this system, an uncertain value for a variable x is represented as the interval

[z] = [z,T] representing the range of possible values for z, from z to Z. Assuming
infinite-precision arithmetic, give update rules for the following in terms of z, 7, y,
and 7:

o [z]+[y] o []+1[y

o [z] —[y] o [z]'/?

o [z] x[y]

Additionally, propose a conservative modification for finite-precision arithmetic.
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3.1, Can all matrices A € R™*™ be factored A = LU? Why or why not?

7

NQ, Some 'MAV?'(M NQSA}\M Yoo $Wdps In Y
b be tadored.  Toc example,




PH3.3 Factor the following matrix A as a product A = LU:

1 2 7
3 5 -1 |.
6 1 4
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julia> U=[1 2 7; 0 -1 -22; 0 0 204]
3x3 Matrix{Int64}:

1 P 7

o -1 -22

0 0 204

julia> L=[1 0 0; 310; 6 11 1]
3x3 Matrix{Int64}:

1 0 0

1 0
11 1

3
6

juiia> L*U
3x3 Matrix{Int64}:
1 2 7

3 5 -1

jutia>—g



3.11 Show how the LU factorization of A € R"*™ can be used to compute the determinant
of A.
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3.12 For numerical stability and generality, we incorporated pivoting into our methods
for Gaussian elimination. We can modify our construction of the LU factorization

somewhat to incorporate pivoting as well.

(a) Argue that following the steps of Gaussian elimination on a matrix A € R**"
with partial pivoting can be used to write U = L,,_1P,,_1 - LoPoL1 P; A, where

the P;’s are permutation matrices, the L;’s are lower triangular, and U is upper
triangular.

(b) Show that P; is a permutation matrix that swaps rows ¢ and j for qome Jj >
Also, argue that L; is the product of matrices of the form I,,«, + (‘Pk(’ where

k>7

(c) Suppose j,k > i. Show Pjp(Inxn + c€1€; ) = (Inxn + c€;€] )Pji, where Pjj is a
permutation matrix swapping rows j and k.

(d) Combine the previous two parts to show that

Ln—an—l t 'L2P2L1P1 - Ln IL; 2Ln 3° Lllpn—l t 'P2Pl~

where L), ..., L! _, are lower triangular.

(e) Conclude that A = PLU, where P is a permutation matrix, L is lower triangular,

and U is upper triangular.

(f) Extend the method from §3.5.2 for solving AT = b when we have factored A =

PLU, without affecting the time complexity compared to factorizations A = LU.
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