restart;

# Compute truncation error for theta method

eq[1] := (D[21(U)) (x, t+(1/2)*dt) = (D[1, 11(W))(x, t+(1/2)*dt);
wﬂ=Dgw(&p+%m]=DLﬂw[&t+%dq

eq[2] := (D(unapply(eq[1], x)))(x);
€q2:: Dl ) U) X, t+ —dt] = Dl, 1, 1(U)£ X, t+ %dtj

eq[3] := (D(unapply(eq[1], t)))(1);
QQ3:: D2 ) U)[X, t+ —dt] = Dl, 1,2(U)£ X, t+ %dtj

eq[4] := (D(unapply(eq[2], x)))(X);

1
BQ4::D1,12U) X,t+—dtJ = 1;1;1;1(U)[X’t+§dtj

eq[5] := (D(Cunapply(eq[3], t)))(1);
eqS::DZ,ZZU)[X’t+_dtJ = 1;1;2;2(U)[X’t+%dtj

eql6] := (D(unapply(eq[3], x3))(x);
edg =Dy 5 o(U)| X, t+ —-dq =:D1,L],2(U{:x,t+ %-dq

eq[7] := (D(Cunapply(eq[4], t)))(1);
eq7:: DL 1,2,2 U)[X t+ —dt] = Dl, 1,1, LZ((])( X, t+ %dt]

eq[8] := (D(unapply(eq[4], x)))(x);
eq8 = Dl, 1,1, Z(U)[ X t+ % dt] = Dl, 1,1, 1, l(l])[ X, t+ % dt]

eq[9] := (D(Cunapply(eq[8], x)))(X);

1
qu = Dl, 1,1, 1, Z(U)[ X t+ E dt] = Dl

—

01,1, 1, l(U)[X t+ Edt]

eq[10] := (D(unapply(eq[9], t)))(1);
e%o-DLlJ,LzzaD[Xt+”§dq'-DLL1J1LL2“ﬁ(&t+”%dq

eq[11] := (D(unapply(eq[9], x)))(x);



! 1
edy = Dy 11,11, Z(U)( i+ dtj =Dy1,1,10, 1(U)[ X 0+ = dt}

> eq[12] := (D(unapply(eq[11], x)))(X);

1 1
e =Dy 111,11, Z(U)( Ty dtj =Dy 1,1,1,1, 1,1, 1(U)[ it dt}

> Al := series(U(x, t+dt), dt = (1/2)*h, 4);

A1::u(x,t+lh] +D2(U)[x,t+lh] [dt—lh]
2 2 2
3

2
cip, L, xerinlla-Ln) v lp,, 0 xerln|[a-Ln) s
2 2 2 2 6 22 2 2

e+,

_> A2:=convert(subs(Ch=dt,Al),polynom) ;
A2:im U(x, t+ %dt) ; %DZ(U)( X+ %dtj dt + %DZ, 2(U)[x, t+ %dt) dr?

1 1 3
+ —D (O] x, t+ =dt| dt
4g 222 L > j

> A3 := subs({eq[1], eql[3], eq[5]}, A2);
A3:= U(x,H—ldt) +1p, l(w[x,uldt] dt+ 1o, Z(U)[x,t+ldtj dr?
> 2 b 2 g bl >

1 1 3
+ —D (U) x, t+ = dt| dt
Loy pa0f xe Lo

> A4 := subs({eq[4], eq[7]1}, A3);
Ad = U(x,t+ %dt) " %DL 1(U)(x,t+ %dt] dt + %DLLLI(U)(X,tJr %dt] dt>

1 1 3
+ —D (U] x, t+ = dt| dt
13 1,1,1,1,2 ( 5 ]

> A5 := subs(eq[9], A4);

A5:= L’(X,t‘f’ %dt) + %DI,I(U)[X’t—i— %dt] dt + %DLLLI(U)(X,t‘F %dt] dtz

1 1 3
+ —D (U] x, t+ = dt| dt
18 1,1,1,1,1, 1 [ > j

> A6 := series(U(x, t), t = h, 4);



A&:qun+DgwmhupJn+%ngwujnu—m2+éD&Zgqunu—m3+

ot~
> A7 := convert(subs(h = t+(1/2)*dt, A6), polynom);
A7:l{xt+%dﬂ—%Djw[&r+%ﬁ]m+%D&jw(&r+%m]m2

1 1 3
-—D (O)| x, t+ = dt| dt
18 2,2,2 [ 5 )

> A8 := subs(eq[9], subs({eq[4], eq[7]1}, subs({eq[1l], eq[3], eql51}, A7)));
A8 = (J(X, t+ l dt) - ll)l 1(U)[ X, t+ l dt] dt+ lDl 1.1 1(U)[ X, t+ l dtJ dtz
2 2 2 g o 2

1 1 3
-—D (U] x, t+ =dt| dt
23 LLLLLI ( > ]

> Left := simplify((A5-A8)/dt);
Left:: Dl, 1(U)( X, t+ % dt] + i dtz Dl, 1,1,1,1, 1(U)( X, t+ % dtj

> Bl := series(U(x-dx, t+dt)-2*U(x, t+dt)+U(x+dx, t+dt), dx = 0);
B = Dy y(U0s €+ dn dx” & Dy g (O 0+ do dx’ + O
> B2 := convert(Bl, polynom);
BZ;IHJHM&t+cﬁck2+fEDLLL1QM&t+dﬂdf
_S B3 := convert(subs(h = dt, series(B2, dt = (1/2)*h, 4)), polynom);

B&=DLﬂw(xt+%dqck2+f§DLLLﬂw(xt+%dqck4

1( 1 1 4 1 2
+—-| —D (O x, t+ =dt| dx + D (U) x, t+ —dt| dx™ | dt

5| 13 LLLL2 L 5 J 1,1,2 [ > ] J

10 1 1 4 1 1 2 2
+—-| —D (O x,t+ =dt| dx + =D (D) x, t+ = dt| dx" | dt

4| 22 ,1,1,1,2,2 ( > ] 2 1,L,22 ( P j ]

1( 1 1 4 1 1 2
+—-| —D (U) x,t+ =dt| dx + =D (U)| x, t+ = dt| dx

8| 72 1,1,1,1,2,2,2 ( > J 6 1,1,2,2,2 ( > ) ]
dr’

_$ B4 := subs(eq[12], subs({eq[10]1, eq[12]}, subs(eq[9]1, subs({eq[7], eq[9],
eql[4], eql[8]}, B3))));




B4 := Dl 1(U) X, t+ l dt dxz + L Dl 1.1 1(U) X, t+ l dt dX4
) 2 12 ) ) ) 2
1( 1 1 4 1 2 1
+—-| —D (O] x, t+ =dt| dx + D (U)] x, t+ = dt| dx dt+ —
2[12 1,1,1,1, 1,1 [ > } 1,1,1,1 [ > j ] 4

1 1 4 1 1 2
—D (O x,t+ =dt| dx + =D (U)| x, t+ = dt| dx
[24 1,1,1,1,1,1,1, 1 ( > ] > 1,1,1,1,1, 1 [ > J ]

dt’

1 1 1 4 1 1 2
+=-| —D (U) x,t+ —dt| dx + =D (U)| x, t+ —dt| dx
8{72 1,1,1,1,2,2,2 ( > J G 1,1,2,2,2 ( > J J

o ar

> C1 := convert(series(U(x-dx, t)-2*U(x, t)+U(x+dx, t), dx = 0), polynom);
Cl:= Dy (U)X 1) X’ + % Dy 1,1, 1(0)(x D) dx’*

> C2 =

convert(subs(h = t+(1/2)*dt, series(Cl, t = h, 4)), polynom);

C2:=Dy (U xt+ 2de| ax®+ LD, 0 x4 2ar| ax’
b 2 12 b b b 2
1( 1 1 4 1 2
-—-| —D (U] x,t+ =dt| dx + D (U)| x, t+ = dt| dx dt
2[12 1,1,1,1, 2 [ > ] 1,1, 2 ( 5 J ]

1( 1 1 4 1 1 2 2
+—-| —D (U] x, t+ =dt| dx + =D ()] x, t+ = dt| dx dt
4£24 1,1,1,1,2,2 [ > ] 5 1,1,2,2 ( 5 j ]

11 1 1 4 1 1 2
-—| —D (U) x,t+ =dt| dx + =D (U)| x, t+ = dt| dx
8[72 1,1,1,1,2,2,2 [ > ] 6 1,1,2,2,2 [ > ] J
3

dt

_> C3 := subs(eq[12], subs({eq[10], eq[12]}, subs(eq[9], subs({eql[7]1, eql[9],
eql[4], eql[8]}, C2))));

C3:= Dl, 1(U)( X, t+ % dt) dx2 + % Dl, 1,1, 1(U)( X, t+ % dt) dx4

11 1 1 4 1 2 1
-—-| —D (U x, t+ —dt| dx + D (O x, t+ =dt| dx” | dt+ =
5| T2 L LLLLI [ > ] 1,1,1,1 [ > ] ] 4{

1 1 4 1 1 2 2
ZDlililililililil(w[x’t+Edtj dx —|—§D1’1 1.1.1 1(U)£X,t+§dtj dx J dt

1( 1 1 4 1 1 2
-—| —D (O] x, t+ =dt| dx + =D (U)| x, t+ = dt| dx
8[72 1,1,1,1, 2, 2,2 ( > J 6 1,1,2,2,2 [ > ] ]




dt®

> Right := simplify((theta*B4+(1-theta)*C3)/dxA2);
nght: % 0 dtDl’ 1,1,1,1, 1(U)[ X, t+ % dt] dx2 + 0 dtDL 1,1, 1(U)[ X, U+ % dtj

1 3 1 2
+ —0dt" D (U) x, t+ = dt| dx
5838 1,1,1,1,2,2,2 ( > ]

1 3 1 1
+ —0dt” D U xt+ =dt| + D; (U] x, t+ = dt
0d’ Dy 500 [ : ] ( : ]
1 1 2 1 1 2
+ —D (O] x, t+ =dt| dx~ - — dtD (O] x, t+ = dt| dx
1 1,1,1,1 ( 5 ] 4 1,1,1,1,1, 1 ( 5 ]

1 1 1 2 1 2
- —dtD (U x,t+ =dt| + — dt™ D (U)| x, t+ = dt| dx
> 1,1,1,1 ( > J 96 1,1,1,1,1,1, 1, 1 [ > j

+ % dtz DL 1,1,1,1, I(U)[ X, t+ % dt] - ﬁ dt DL 1,1,1,2,2, 2(U)( X t+ % dt] dX2

1 3 1
- —dt™ D (O x, t+ = dt
48 1,1,2,2,2 [ > j
> T := collect(simplify(Left-Right), dt);
1 1 2 1 1
T:=| -——06D (O] x, t+ =dt| dx” - —6D ()] x, t+ = dt
[ 288 1,1,1,1,2,2,2 L > j 24 1,1,2,2,2 [ > j
1 1 2 1 1 3
+ —D (U] x, t+ =dt| dx~ + — D (U] x, t+ = dt dt
576 1,1,1,1, 2,2, 2 [ > j 48 1,1,2,2,2 [ > j

1 1 1 1 2
+| -—D (U) x, t+ —=dt| - —D (U)| x, t+ = dt| dx
[ 12 1,1,1,1,1,1 ( 5 ] 96 1,1,1,1,1,1,1, 1 ( > ]

dtz + [—e Dl; 1,1, 1(U)[ X, [+ %dt} + %Dl; 1,1, 1(U)[ X, t+ %dtj

1 1 2 1 1 2
-—0D (U] x, t+ =dt| dx~ + — D ()] x, t+ = dt| dx dt
I 1,1,1,1,1, 1 [ > ) >4 1,1,1,1,1, 1 [ > ) ]

1 1 2
-—D (U)| x, t+ = dt| dx
1 1,1,1,1 [ > ]

_S # Crank Nicholson Method
subs(theta = 1/2, T);

1

1 1 1 2 2
-—D (U x, t+ =dt| - —D (U)| x, t+ =dt| dx" | dt
[ 1 1,1,1,1,1, 1 [ > ] 96 1,1,1,1,1,1,1, 1 ( 5 ] J




1 1 2
-—D (O] x, t+ =dt| dx
12 1,1,1,1 [ > ]

> # 4th order 1in space
simplify(subs(theta = 1/2-dxA2/(12%dt), T));

1 4 .2 1 1 2 .2 1
dx dt™ D ) xt+ =dt| + — dx" dt™ D (U) x, t+ = dt
3456 1,1,1,1,2,2,2 [ > J 288 1,1,2,2,2 ( > ]
1 2 1 1 2 1 2
- —dt™ D (U] x, t+ =dt| - —dt™ D (O] x, t+ = dt| dx
1 1,1,1,1,1, 1 [ > ] 9% 1,1,1,1,1,1,1, 1 [ > J
1 1 4
+ —D ()] x, t+ = dt| dx
144 1,1,1,1, 1, 1 [ > j



