Continuity of Translation Math 761
Theorem. Suppose F: R — C is L'(R) integrable and piecewise continuous. Define g;(x) = f(x —t). Then
gt =~ f in L'(R) as t—0.

Riemann Integral Way: For simplicity assume f is everywhere continuous. Let ¢ > 0 be arbitrary. Since

[ is L'(R) integrable then f z)|dx = L converges as an improper Riemann integral. Therefore, there
is N large enough such that

‘ / x)|dr — L’ < = or equivalently / |f(z)|dx < <
|z|>N 4
Define J = [-N — 2, N + 2]. Since J is a closed bounded interval, then f is uniformly continuous on .J.
Therefore, there exists § € (0,1) such that z,y € J and |z — y| < 6 implies |f(z) — f(y)| < €/(4N + 4).
Let || < 6. Then |z| < N 41 implies x —t € J and |z| > N + 1 implies |z —¢| > N. It follows that

gt — Fllorey = / F@—t) — f(x)lda

— 00

- / @ —t) — f(o)|da + / F@—t) — f(a)|dz
|lz|<N+1

|z|>N+1
€
< dx—l—/ flx—t daz—i—/ f(x)|dzx
/’I‘|<N+1 4N +4 \m|>N+1| ( ) |r1:|>N+1| (@)
2N +2 +2/ flz)|dx

€ €
< -+2-=
_2+ 4

AN

Therefore g; — f in L}(R) as t — 0.

Lebesgue Integral Way: Let ¢ > 0 be arbitrary. Since f may not be bounded, define

fu(z) = {f(x) for |f(x)] < k

0 otherwise.

Since |fr, — f| — 0 pointwise and |fr — f| < |fx|+|f] < 2| f| where 2|f] is integrable on R, then the dominated
convergence theorem implies that

lim/\f;C |dm—>/0dx—0 as k — oo.

k—o0
[ 1) = sl <

lge — Flloar) = /R o — 1) — f(2)|de

Choose k large enough such that
Now
< [ 1=t =it —tide+ [ file =)= fi@llde + [ 1ule) = f(o)lda

—o /R fiule) — f(@)ld + /R (e — 1) — fula)|de
_E+/R|fk(x7t)ffk(m)|dm.
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We now turn our attention to showing

/ |fr(z —1t) — fe(x)|de — 0 as t— 0.
R

Since f was L'(R) integrable, then f; is L'(R) integrable. Choose N large enough such that
€

/M el < &

Since f was piecewise continuous then fy, is piecewise continuous. Therefore | fi(z—t) — fi(z)| — 0 pointwise
as t — 0 for almost every . Since |fi(x—1t)— fi(z)| < |fr(x—1t)|+|fr(x)| < 2k where h(x) = 2k is integrable
on [-N — 1, N + 1], then the dominated convergence theorem implies that

lim |fe(x —t) — fr(x)|de — 0dx =0 as t— 0.
t=0 Jig|<N+1 ] <N+1

Therefore, there is 6 € (0, 1) such that |t| < ¢ implies

/ (e — 1) — fulo)de <
|z]|<N+1

Wl o

It follows that

fine =0 fi@le= [ e = et [0 = el

|z|>N+1

€
<ta [ h-tldes [ )
|¢|>N+1 |z|>N+1

2
f+2/ |fio(@)ldz < < + 25 = =5
|z|>N
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This inequality together with the inequality at the bottom of the previous page implies that

1 2
lg: — flloiw) < 3 + 36 =e whenever [t| < 4.

Therefore g, — f in L'(R) as t — 0.



