
Math 762 Final Version A

Formulas and Definitions

Fourier Series

f(x) =
∑

n∈Z

cne
2πinx/a, cn =

1

a

∫ a

0

f(x)e−2πinx/adx.

Fourier Transform

f̂(γ) =

∫

R

f(t)e−2πiγtdt, f(x) =

∫

R

f̂(γ)e2πiγtdγ.

Scaling Function Let φ be a scaling function for a multiresolution analaysis. Then
φ ∈ L2, and {Tnφ : n ∈ Z } is orthonormal and V0 = span{, Tnφ : n ∈ Z }.

Dilation and Translation

Tkf(x) = f(x− k), Dqf(x) =
√
qf(qx), TkDq = DqTqk,

T̂kf(γ) = e−2πγkf̂(γ) and D̂qf(γ) =
1√
q
f̂(γ/q).

φj,k = D2jTkφ(x) = φ(2jx− k), ψj,k = D2jTkψ(x) = ψ(2jx− k).

Wavelet in Physical Space

φ =
∑

k∈Z

hkφj,k where hk = 〈φ, φ1,k〉.

ψ =
∑

k∈Z

gkφj,k where gk = (−1)kh1−k.

Wavelet in Transform Space

φ(γ) = m0(γ/2)φ(γ/2) where m0(γ) =
1√
2

∑

k∈Z

hke
−2πiγk

ψ(γ) = m1(γ/2)φ(γ/2) where m1(γ) = e−2πi(γ+1/2)m0(γ + 1/2).

Orthogonal Projections onto Vj and Wj

Vj = span{Tnφj,n : n ∈ Z }, Wj = span{Tnψj,n : n ∈ Z }.

Pjf =
∑

n∈Z

〈f, φj,n〉φj,n, Q̃jf =
∑

n∈Z

〈f, ψj,n〉ψj,n

Quadrature Mirror Filter Condition

hk ∈ ℓ2, m0(0) = 1, and |m0(γ)|2 + |m0(γ + 1/2)|2 = 1.
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INSTRUCTIONS: Complete a total of 5 problems out of the 8
below. Clearly indicate which problems you wish graded. Work
each problem on a separate sheet of paper (or more if necessary).

1. Suppose {Tng : n ∈ Z } is an orthonormal system of translates, prove that

∑

n∈Z

∣∣ĝ(γ + n)
∣∣2 = 1 for all γ ∈ R.

2. Suppose g ∈ L2(R) and

∑

n∈Z

∣∣ĝ(γ + n)
∣∣2 = 1 for all γ ∈ R,

prove that {Tng : n ∈ Z } is an orthonormal system of translates.

3. Suppose f ∈ C0 ∩ L1 and f̂ ∈ L1, then

lim
τ→0+

1

τ

∫

R

f(t)e−π(x−t)2/τ2

dt = f(x).

4. Suppose f ∈ C0 ∩ L1 and f̂ ∈ L1, then

1

τ

∫

R

f(t)e−π(x−t)2/τ2

dt =

∫

R

f̂(γ)e−πτ2γ2

e2πiγx dγ.

5. Suppose f ∈ C0 ∩ L1 and f̂ ∈ L1, then

lim
τ→0+

∫

R

f̂(γ)e−πτ2γ2

e2πiγx dγ =

∫

R

f̂(γ)e2πiγx dγ.

6. Show that {Tnψ : n ∈ Z } is an orthonormal system of translates.

7. Show that V0 ⊥W0.

8. Show that V1 = V0 ⊕W0.


